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OPTIMAL NUMERICAL METHODS FOR INVERSE HEAT TRANSFER AND INVERSE
DESIGN SOLIDIFICATION PROBLEMS

Abstract

by Kei Okamoto, Ph.D.
Washington State University
DECEMBER 2005

Chair: Ben Q. Li

The optimization methods for the inverse heat conduction and solidification problems are
discussed. Three different methods, the Tikhonov regularization method, the singular value
decomposition (SVD) method, and the Levenberg-Marquardt method, are discussed and their
performance is assessed comparatively in the inverse heat conduction problems. Several schemes
for choosing the optimal regularization parameters are a so discussed. These schemes include the
maximum likelihood method (ML), the ordinary cross-validation method (OCV), the generalized
cross-validation method (GCV), the discrepancy principle (DP), and the L-curve method. 2-D
steady-state heat conduction problems are used for the case studies. Parameter estimation and
function estimation for the optimal solution are also discussed and compared using 1-D transient
heat conduction problems. In the inverse design solidification problems, on the other hand, the
regularization method along with the L-curve method is discussed. The design algorithm is
applied to determine the appropriate boundary heat flux distribution to obtain prescribed solid-
liquid interfaces in a 2-D cavity. A new finite difference scheme for determining the sensitivity
coefficients is proposed in the inverse steady-state solidification problems. A sequential method
and a whole time-domain method are used and evaluated in the inverse design of solidification

jprocesses.



Based on the cases studied for the inverse heat conduction problems, the regularization
method and the SVD method are comparative with the Levenberg-Marquardt method with a
trust-region strategy. It is also found that the discrepancy principle (DP) gives the best estimate
of choosing the regularization parameters. As for the inverse design solidification problems, the
L-curve based regularization method is reasonably accurate to control the solid-liquid interfaces.
The proposed finite difference scheme is found to be superior to the conventiona finite
difference scheme in determination of the sensitivity coefficients for the inverse steady-state
solidification problems. The results of the inverse design of solidification processes show that the
sequential method is comparative to the whole time-domain method if the diffusion time of the

heat flux is carefully considered.
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CHAPTER ONE
INTRODUCTION

1.1 BACKGROUND

Inverse problems are encountered in various branches of science and engineering.
Engineers, mathematicians, statisticians, and specialists of many other fields are all
interested in inverse problems, each with different applications in mind. The applications
of the inverse problem include biomedica imaging [Horacek et al., 1997],
thermotherapy, metabolism modeling, spline  smoothing [Wahba, 1985],
electrocardiography [Johnson et al., 1998], and image reconstruction [Demoment, 1989;
Galatsanos et al., 1992].

In particular, inverse heat transfer problems arise from thermal system design
considerations. These problems are concerned with the estimation of the heat flux and/or
temperature distribution on a boundary using the temperature measurements at some
points in the interior or with both temperature and flux specified over the same portion of
the boundary [Martin et al., 1996]. For example, the direct measurement of heat flux at
the inside surface of awall subjected to fire, at the outer surface of areentry vehicle, or at
the inside surface of combustion chamber is extremely difficult. These problems need to
be solved using inverse computational algorithms. While inverse problems are physically
feasible, they are mathematically ill-posed, which is manifested by the fact that noises
present in the measured data can cause instabilities in the estimated heat fluxes. Proper
numerical treatments are needed to overcome these instability problems. This paper
discusses three popular methods for the inverse heat transfer calculations: the

regularization method, the singular value decomposition method, and the Levenberg-



Marquardt method, as well as the schemes for estimating the optimal parameters for the
first two methods.

Solidification is a well-known process, which contains a phase transformation of
liquid and solid. Transient heat transfer problems involving solidification are important in
many engineering applications. These applications include the making of ice, the freezing
of food, and crystal growth. Solidification is aso a widely used manufacturing process
that is a very economical way to form components. The solution of the solidification
process is inherently difficult because the interface between the solid and liquid phasesis
moving as the latent heat is absorbed or released at the interface. However, knowledge of
liquid-solid interface morphology during solidification processing is of paramount
importance to the microstructure formation in solidified materials. Because often the
solid-liquid interface position is unknown a priori, the problem of finding the interfaceis
classified as moving boundary problems. The widespread use of solidification principle
in materials processing systems has resulted in both theoretical and experimental studies
on the subject. A wide variety of numerical models have been developed for virtualy
every kind of solidification processing systems. Both the fixed grid and moving grid
methods have been used to model the solidification phenomena. The fixed grid method
involves the use of enthalpy-based formulation in which the latent heat is factored into an
effective heat capacity. The moving grid method, however, tracks the solidification front,
that is, the solid-liquid interface continuously by deforming the grids or elements. There
are alternatives that involve a level set field variable to mark the solid-liquid interface.
Model developed using these techniques have been applied mainly to answer the question

concerning the interface position and morphological development for given operating



conditions and specified geometric constraints. However, to assure the quality and
reliability of a casting, the ability to control the solid-liquid interface morphology is
important. Thus, inverse computational algorisms are used to solve the design
solidification processing systems. In practice, a desired solidification microstructure in
the final products dictates a certain type of solid-liquid interface front morphology. Thus,
question often arises of how the boundary heat flux distribution needs to be specified in
order to obtain the desired solid-liquid interface during solidification processing. For this
purpose, the regularization method along with the L-curve method is used to solve the

inverse design of solidification processes in this paper.

1.2 LITERATURE REVIEW

Various inverse algorithms including the regularization schemes for heat transfer
calculations have been summarized in two monographs [Sawaf et al., 1995; Trujillo et
al., 1989]. The subject has received continuous interest owing to its wide range of
applications including the estimation of thermophysical properties and the estimation of
the unknown source functions. The Levenberg-Marquardt method is discussed in detail to
solve inverse problems [Sawaf et al., 1995; Kim et al., 2003]. More (1977) proposed a
robust and efficient implementation of the Levenberg-Marquardt method using a trust-
region framework. Martin and Dulikravich (1996) used the regularization method
combined with the boundary element method (BEM), but the procedure to choose the
regularization parameter was limited to special cases. Trujillo and Busby (1989) used the
regularization method and the generalized cross-validation (GCV) method in their study

of inverse heat transfer problems. There are also other methods, such as the conjugate



gradient method (CGM), which are either less general or less easy to implement and are
not included in the present study.

One of the crucial aspects associated with the regularization method is the
appropriate selection of optimal regularization parameters for inverse estimation. Several
approaches have been reported. The maximum likelihood (ML) method was presented by
Wahba et al. (1985) from the standpoint of the statistical inference [Fitzpatrick et al.,
1991]. The ML method was found to yield a regularization parameter somewhat smaller
than the optimal regularization parameter [Galatsanos et al., 1992]. The ordinary cross-
validation (OCV) method was proposed as another approach to obtain optimal
regularization parameters [Allen, 1974; Golub et al., 1979]. In order for the OCV method
to remain invariant after transformation, the generalized cross-validation (GCV) method
is needed and used in other engineering fields [Yoon et al., 2000]. It has been reported
that the GCV method gave poor accuracy in some cases. The L-curve method proposed
by Hansen and O'Leary (1993) can be applied to the linear and non-linear inverse
problems [Reginska, 1996; Tautenhahn et al., 2003] and was used in the BEM-based
inverse elagticity problems [Martin et al., 2003]. One possible limitation of the L-curve
method is the difficulty of accurately determining the corner point. The discrepancy
principle (DP) was proposed to relate input errors (measurement errors) to the computed
parameter [Morozov et al., 1984]. Hollingsworth and Johns (2003) showed that the DP
method was reliable when measurement errors were observed correctly. Some of these
techniques have been applied in transient inverse heat transfer analyses; their
performance, however, for steady-state inverse heat transfer analyses, is not well

appreciated. The truncated SVD method has been considered a very useful technique for



inverse calculations, and yet there has not been a systematic approach to select the
singularity threshold value, which iscritical for the accurate solution.

It is, however, conceivable that inverse free boundary problems can be more
complex in general than inverse heat conduction problems. One of the applications of the
inverse problems for solidification processing systems is the determination of the
boundary condition by utilizing either experimental measurements (inverse solidification
problems) or prescribed conditions (optimal design solidification problems). The inverse
solidification problems have been attempted in literature. Krishnan and Sharma (1996)
found casting/mold interfacial heat transfer coefficients using experimental temperature
measurements for casting solidification problems. They used the finite difference method
(FDM) combined with the Beck’s method for their inverse algorithm. O’ Mahoney and
Browne (2000) combined their inverse agorithm with the integral-derivative method to
find interfacial heat transfer coefficients using temperature measurements. Xu and
Naterer (2001) found temperature distribution using the prescribed solid-liquid interface
location and heat fluxes. Hale et al. (2000) used the Global Time Method (GTM) for their
inverse agorithm to find heat flux distribution in the boundary of both liquid and solid
phase using the prescribed temperature and heat flux in the liquid-solid interface. In their
approach, the solid and liquid regions are treated as two distinct inverse heat transfer
problems. Dulikravich et al. (2003) found optimal magnetic fields on the boundary by
specifying desired magnetic field lines and temperature distribution. Zabaras et al. (1990,
1993, 1995) have studied the inverse solidification problems both with and without fluid
flow being considered. They reported various algorithms including the Beck’s method,

the steepest descent method (SDM), and the conjugate gradient method (CGM). Most of



the work up to date has been limited to conduction mode only and few have considered
the fluid flow effects. In addition, the solid-liquid interfaces to control in the inverse

solidification problems are limited to the simple shape such as a straight line.

1.3 OBJECTIVES

The objectives of this research consist of two parts. One is solving inverse heat
transfer problems. The other one is solving inverse solidification problems.

The regularization method, the singular value decomposition method (SVD), and
the Levenberg-Marquardt method are used and evaluated in the inverse heat transfer
problems. We also consider the schemes for estimating the optimal parameters for the
regularization method and the SVD. The discrepancy principle is used for determining
the truncated threshold for the SVD method. The selection of optimal parameters is
considered for Tikhonov regularization solutions of inverse heat transfer problems. For
this purpose, the five popular methods including the maximum likelihood (ML), the
ordinary cross-validation (OCV), the generalized cross-vaidation (GCV), and the L-
curve methods, as well as the discrepancy principle (DP) are evaluated in detail. The
testing cases include 1-D and 2-D inverse steady-state heat conduction problems where
analytic solutions are available. Both the Tikhonov regularization method and the
truncated SVD method, with optimal parameters determined, are compared with the
Levenberg-Marquardt method. In addition, a parameter estimation and a function
estimation approach are also used and assessed by using 1-D inverse transient heat

conduction problems. As a last example of the inverse heat conduction problems, the



inverse algorithm is applied to estimate the heat flux experienced due to the spray cooling
of a 3-D microelectronic component with an embedded heating source.

In the inverse solidification problems, on the other hand, we use the regularization
method along with the L-curve method. The algorithm is applied to determine the
boundary heat flux distribution for prescribed solid-liquid interfaces in a 2-D cavity for
both steady and transient problems. We specify not only a straight line but also sine
functions for the solid-liquid interfaces. We also discuss the finite difference scheme for
computing sensitivity coefficients by using the inverse steady-state solidification
problem. In addition, a sequential method and a whole domain method are used and

evaluated for the transient problems.

1.4 OVERVIEW OF THE THESIS

In this thesis, the direct and inverse algorithms of heat conduction problems and
solidification problems are presented.

In Chapter 2, the direct problems of the heat transfer and solidification processes
are formulated and discussed. The concept of the well-posed and ill-posed problems is
also discussed. Chapter 3 describes the inverse calculation methods of the heat transfer
and solidification problems. In Chapter 4, the formulation of the cases studied is
presented and the results are discussed. Findly, the results of the present study are

summarized in Chapter 5.



CHAPTER TWO
DIRECT PROBLEMS

In this chapter, we first formulate heat conduction problems and address the
solution to facilitate subsequent discussions. We then revise and discuss the concept of
direct and inverse heat conduction problems in the context of the well-posedness and ill-
posedness of problems. We formulate solidification (phase-change) problems and address
the solution of the problems. Validation of our FEM code is also discussed using the

experimental measurements, which were previously conducted.

2.1 HEAT CONDUCTION PROBLEMS

Heat conduction is the mode of heat transfer in which energy exchange takes
place in solids or fluids from the region of high temperature to the region of low
temperature. The direct heat conduction problem is mainly concerned with the
determination of the temperature distribution within solids. In this section, we present the

problem formulation and the solution of the heat conduction problems.

2.1.1 Problem formulation
For direct heat conduction problems, the temperature inside a domain Q is sought
using conditions prescribed along the entire boundary (see Figure 2.1a). Mathematically,

a direct heat conduction problem is formulated as follows:

pCaa—-::_Zkva+Q e 2.1.1)



In the above equation, p is the density, C is the specific heat, T is the temperature, t is
time, x is the thermal conductivity, Q is the heat generation rate. The above equation is
subject to the following boundary conditions:

T=T, o (2.1.2)
—{n}-&VT =q, e 00, (2.1.3)

Here it is important to note that the temperature or flux can be prescribed on either of the

boundaries but not both.

2.1.2 Problem solution
Many existing techniques can be employed to solve the direct heat conduction
problems. In this paper, the Galerkin finite element method is applied, which discretizes
the governing equations in a matrix form:
NI |+ [K]T] = [F] (2.14)

where the matrix elements are calculated by

[N;1=[,PCl03 6} 0V . [K]= [ #7160} V16" dV

[F]= LQ (n}- VT {0}dS+ jQQ{e}dv (2.1.5)

2.2 WELL-POSED AND ILL-POSED PROBLEMS
The concept of well-posed and ill-posed problems is crucial to formulate and
solve field problems. In this section, the well-posed and ill-posed problems are revised

using heat conduction problems.



2.2.1 Well-posedness

According to the theory of partial differential equations (PDE), a problem is well-
posed if and only if all of these three conditions are satisfied: (1) its solution exists, (2)
the equation has one and only one solution, and (3) a small change in the data (such as
prescribed boundary conditions, source strengths, coefficients in the PDE, etc.) produces
only a small change in the solution [Nagle et al., 1993]. The second condition requires
that the solution, if it exists, is unique; the third requires that the solution is stable. The
existence of the solution can be easily proved by noticing that a Green’s function is
constructed, and the solution can be obtained by the superimposition principle. To see the
uniqueness of the solution, we consider a steady-state heat conduction problem. We

construct two solutions, T' and T°, which each satisfies the above equation and the

boundary conditions. With the new variable, ® =T'—T?, the governing equations

becomes,
0=V -xVO (2.2.1)
=0 € 0Q, (2.2.2)
—{n}-xVO® =0 € o), (2.2.3)

Integration of Eq. (2.2.1) with respect to @, followed by the use of Green’s theorem,
yields,
— . — . — z
0= chDv VoAV va (OVD)- (VD) dV
— 2
= Lg{n}~(®V(I))dS— Lg(ch) av (2.2.4)
Thus, along with Egs. (2.2.2) and (2.2.3), immediately leads to the following result:

jag(vcp)2 dv = Lg{n} (OVD)dS+ Lg {n}-(OVD)IS =0 (2.2.5)
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Thus, ®=0 or T' = T, that is, the above problem has a unique solution. Also, any small
change in conditions (source, boundary conditions, etc.) will not affect the above result.
Therefore, the direct heat conduction problem is well-posed. Note that if the whole
boundary is prescribed with flux, the solution is also unique, albeit an arbitrary additive
constant. The constant may be determined by requiring that the integration of boundary

flux be zero. The problem is still well-posed.

2.2.2 1ll-posedness
An ill-posed problem violates any or all conditions required for well-posedness.
Consider the above problem but with both temperature and fluxes chosen on part of the
boundary, say 0Q;, but no conditions on 0€). In this case, the second integration
involving 0€), in Eq. (2.2.5) is not necessarily zero, and thus the solution may not be
unique. If a solution exists, it may not be continuously dependent on the boundary data;
otherwise the stability condition is violated. To illustrate this point, we consider the
following heat conduction example with constant x:
0=V-VT e Q=10,1]x]0, 1] (2.2.6)
T(x0)=0 and  —n,-VT(x,0)=dsin(x/5) (2.2.7)
By the principle of separation of variables, the following solution may be
obtained, which satisfies the above two equations:
T(X,y) = 67 sin(X/8)sinh(y/J) (2.2.8)
With 6 = 0 or finite, T(X, y) is well-behaved. However, if § — 0, the solution is

unbounded,

11



/im 62 sin(x/&)sinh(y/J8) = oo (2.2.9)

5-0%
Thus, a very small change in 6T(x,0)/dy leads to an arbitrarily large change in the
solution. That is, the solution is unstable. This example illustrates the nature of an ill-

posed problem.

2.2.3 Inverse problems

In inverse heat transfer problems, temperatures at some interior points are known,
while some of the heat fluxes are unknown and need to be part of the solution (See Figure
2.1b). A statement of inverse heat transfer problems involving the need to determine the
boundary heat flux distribution may be made as follows:

0=V-xVT +Q e Q (2.2.10)
subject to the following boundary conditions:

T=T, €0Q (2.2.11)

-{n}-xVT =q, € 0Q, (2.2.12)
and also to the known temperature information at the discrete interior points,

T{rp=T, {rje o (2.2.13)
where Qy is the unknown heat flux to be determined. The inverse heat conduction
problem is ill-posed. To see this, we consider Eq. (2.2.8) again, with T(x,0) =0,
OT(x,0) =2 and heat flux is to be sought on other boundaries. If further a value of

T(0.5,0.5) = 2 is measured, then we can show that dT(0,y) = dT(l,y) = constant would be a

solution, and thus the solution is not unique. Beck et al. (1985) also show that the

solution to inverse heat conduction problems is unstable. The solution to an inverse heat

12



conduction problem is thus the most probable and most stable solution among all the
solutions available. Any inverse algorithm in general would need to incorporate

stabilization schemes to obtain the solution to inverse heat conduction problems.

2.3 SOLIDIFICATION PROBLEMS

Solidification problems, also called moving boundary problems, are important in
many engineering applications including crystal growth and the solidification of metals in
casting. The solution of such problems is inherently difficult because the interface
between the solid and liquid phases is moving and its location is not known a priori.
Many solidification problems have appeared in the literature, but the exact solutions are
limited to a number of idealized situations. When exact solutions are not available,
numerical methods can be used to solve the solidification problems. In this section, we
address the problem formulation of the solidification problems. Then we present the

numerical methods of the solidification problems used in the present study.

2.3.1 Problem for mulation

Figure 2.2 shows a 2-D cavity for the solidification problem under consideration.
The top and bottom walls are thermally insulated. The temperature on the left wall is
fixed at a constant temperature above the melting point, while the right wall is subjected
to cooling. The melt, which is initially above the melting temperature, starts to solidify as
a result of cooling at the right wall. The fluid flow and heat transfer in the system are
governed by the continuity equation, the Navier-Stokes equations, and the energy

equation. For the melt flow, the standard Boussinesq approximation,

13



p= po[ — ﬁ(T —Tm)], is used. The governing equations for the problem are given as

follows:
V-{u}=0 (2.3.1)
0 {u} >
P P Vi) =V ¥ u) ~ (g, AT =T, (2.3.2)
ng—-[Jr pC{u}-VT =kV°T (2.3.3)
0s
{n}-kVT |, ={n}-kVT | ;= pH E (2.3.4)

The no slip condition is specified at the walls. The boundary conditions are as follows:

{u}=0 at all boundaries (2.3.5)
T =0 at y=0 and y=h (2.3.6)
oy

T=T, To>Tnm at Xx=0 (2.3.7)

T=TL or g=qo Tn>TL at x=l (2.3.8)

The solid-liquid interface is to be obtained for the direct problem or the well-posed
problem. For the inverse problem, however, the solid-liquid interface shape is specified,

and the cooling condition on the right wall is to be obtained.

2.3.2 Problem solution

The governing equations described above along with the boundary conditions are
solved using the deforming Galerkin finite element method. The stiffness matrix is

obtained by using the Galerkin’s method of Weighted Residuals. The formulations and
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relevant benchmark tests were detailed in a series of papers published earlier [Shu et al.,
2002; Li et al., 2003; Song et al., 2002]. Thus, only a brief summary is given here. The
governing equations are recast in integral forms, and the field variables are interpolated
using shape functions over the computational domain. With appropriate algebraic

manipulations, the following set of equations are obtained:

( _[Q‘//'r'V¢TdV)Ui = —5(IQWWTdV)P (23.9)
T d i T [N T
(f,po07aV) T+ ([, ¢ pu- VTV, — (], -V gy TV P

+<jQuV¢~V¢TdV)ui +( jgu(f V)] -VT VU,
+(j¢9Tpﬂng)(T—Tm):jn.r.rqfds (2.3.10)
Q oQ

(J-pCHHTdV)E +(J-pC¢9u VO dV)T +(I kve- Vo dV)T :—_[qTeds (2.3.11)
Q dt Q o) 0

Once the form of shape functions ¢, 6, and w for velocity, pressure, and scalars are
specified, the integrals defined in the above equations can be expressed in matrix form.
Combining the momentum and energy equations into a single matrix equation gives rise

to the following element stiffness matrix equation:

{M 0 } U], [AU)+K +LEMET B {U}{ F } (2.3.12)
0 Ny|T 0 Dy (U)+L | T] [Gr

Note that in constructing the above element matrix equation, the penalty formulation is

applied, and P in the momentum equation is substituted by%M;1 E'U. The assembled
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global matrix equations are stored in the skyline form and solved using the Gaussian

elimination method. The coefficient matrices of Eq. (2.3.12) above are calculated by

M, :LWTdv, N =IPCHHTdV, M =I keoTaV , E; = [ ol -VoyTav,
Q Q
L, :Lve-verv, AU)= [ ppu-vO'aV,, D (V)= [ pCou-voTav,
o} Q

B, :Jpﬂg¢0TdV, GT:—JqTQdF, F=[n.rpar,
Q oQ

oQ
Ky = ([ 99-voTav)s; + [ ui Vo) -veTav

To implement the deforming finite elements to model the dynamic change of the moving
interface, i.e., solidification front between the liquid and solid, a quasi-Lagrangian
description is adopted. By this method, a region that covers the solidifying liquid and
solid is defined, and the nodes within the region are allowed to move in accordance with
the interface movement. These additional velocities that result from the mesh movement
are added to the velocity field as given in the above equations. The energy balance
equation describing the latent heat release and interface change is directly integrated

within the context of weighted residuals,
A T N T _ os
(jQ kOR-VOTAV)T, — (Lk On-VO dV)T, _—janH ~0dr (2.3.13)

which is applied as a surface energy source to the total thermal energy balance equation,
and added to the right-hand side of Eq. (2.3.12). The above equation systems are solved
iteratively. Separation of the moving interface boundary coordinates from the global
finite element solutions for field variables, however, requires the convergence of both

moving interface coordinates and field variables in two related loops. The interface
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tracking strategy used in the present study involves an iterative procedure that entails
applying the energy balance equation along with the interface as a surface source and
searching for the interface position coordinates based on each converged field
calculations. The updated interface positions are then fed back to the field calculations
until both the interface position coordinates and field variables are converged within a

preset criterion, which is set at 1 x 10 (relative error) for the results presented below.

2.3.3 Validation of the direct solidification problem

Shu (2003) conducted an experimental and numerical study of solidification in a
square mold. Figure 2.3 shows the velocity fields at t=40minutes of (a) the experimental
measurements and (b) the FEM calculations. As seen in figures, they found good
agreements of the experimental measurements and the numerical simulations. Their FEM
code is utilized for the design solidification problems. Thus, the FEM calculations of the

solidification processes in the present study are considered to be accurate.
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Figure 2.1. Illustration of (a) direct and (b) inverse heat conduction problems.

18



q.=0

o ]
l-lrrt:rhul distance, d M
% o
-
T Liguid Solid [
o qior T
ol
-
v9 ol
v -
o= a-—
x g =0 i

Figure 2.2. Schematic of solidification in a 2-D cavity
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Figure 2.3. Velocity fields at t=40 minutes of (a) experimental measurements and (b)
FEM calculation for solidification of succinonitrile (SCN). The boundary
conditions are T;=334.12K, Tr=328.61K, T,=331.23K, and the upper and
bottom wall is kept adiabatic. Figures courtesy of Y. Shu (2003)
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CHAPTER THREE

INVERSE PROBLEMS

In this chapter, the inverse problems are discussed. We formulate the inverse heat
conduction problems and inverse design solidification problems. Various methods are

presented to solve the inverse problems. The numerical algorithm is then summarized.

3.1 INTRODUCTION

A common approach to formulating the inverse problems is to seek the
distribution of the unknown parameters such that the difference between the observations
and calculated parameters at given points is minimized. The least-squares criterion is
solidly grounded in statistics, as we show below. Let the discrepancies between model

and observation in a general data-fitting problem be denoted by g, that is,

g, =Y, —P(xt)) (3.1.1)
It is often reasonable to assume that the g’s are independent and identically distributed
with a certain variance o and probability density function g,. Under this assumption, the
likelihood of a particular set of observations y;, j=1,2,.....m given that the actual

parameter vector is X, is given by the function,
p(y/o)=[19.,(¢)=]]9,(y; —o(xt)) (3.1.2)
j=1 j=1

Since we know the value of the observations Vi, Yo, ....., Ym, the “most likely” value of X

is obtained by maximizing p(y/c) with respect to X. The resulting value of X is called the
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maximum likelihood estimate of the parameters. When we assume that the discrepancies

follow a normal distribution, we have

9,(e)= \/21—2 exp(— 202) (3.1.3)
o

Substitution in Eq. (3.1.2) yields

(3.1.4)

ly, it )]j

O'

p(y/X,0)=(270°)" m/zexp[—%z
1

For any fixed value of the variance o?, it is obvious that p is maximized when the sum of
squares is minimized. Thus, the minimization problem may be mathematically stated in

terms of the objective function:

F(xt) = min{i ly, —g(xb)] } (3.1.5)
j=1

3.2 INVERSE HEAT CONDUCTION PROBLEMS
Using the concept described above, the inverse heat conduction problem may be

mathematically stated in terms of the objective function:
Mo 2
F({qun:min{Z[ﬁ —ﬁ({qun]} (3.2.1)
i=1

where Ti({qu}) is the calculated temperature at {r} and is a function of unknown heat
fluxes {qu}. To find the unknowns, one resorts to the least square procedures by

differentiating the above equation with respect to {qu},

F(fa,}) o (f4,}) _
T 322
S ;[ (fq ) -T [ Sl (3.2.22)

or
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[DHT{a, )} =T ({a. )} (3.2.2b)

where 0T, ({q,})/0{q,} is the element of the sensitivity coefficient matrix [J] and is in

general a rectangular matrix and singular,

), {M} (323)
aq;

If a forward difference is used, the sensitivity coefficient matrix with respect to q is

approximated by

\]ij ~ Ti(qlaqza ------ 7qj +ﬂ“qja"--:j;)_-ri(qlaq2a ----- 7qj=---~7qN) (324)

J

where A is a small number.

3.2.1 Theregularized inver se method

For ill-posed heat transfer problems given by Eq. (3.2.1), direct use of either the
Levenberg-Marquardt method or the SVD method sometimes does not give satisfactory
answers because of their insufficient control of the instability associated with the
problems. In these cases, the regularization method offers a viable alternative. The
popular approach is Tikhonov regularization, by which the minimization function is

augmented as follows:
F({qu})Zmin{Z[T_i—Ti('{qu})]2 +0!ZOI?} (3.255)

where « is the regularization parameter. The above function represents a trade-off

between two optimization processes: (1) agreement between the data and solution and (2)
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smoothness or stability of the solution. The parameter « regulates these two processes.

Using the index notation, one has
F({q,))=(T =TT, -T,) +aqq (3.2.6)

Again the differentiation with respect to g; will give rise to the following matrix equation:

OF({a,}) _ 2{_ ot ({9,})
oa.

o, jl[Ti -T(fa, )]+ 200, =0 (3.2.7)

J

In terms of the sensitivity coefficients Jjj, Eq. (3.2.7) becomes
3,7 [T -T (e, b= g, (3.2.8)

For linear inverse problems, the sensitivity matrix is not a function of unknown

parameters. Thus, we have

OT," ({9.})

oq :l q +Ti(190}) = ‘]ijqj +Ti(19,}) 3.2.9)

Ti({qu}){

j
where Ti({qo}) is the estimated temperature when {q}=0. With this relation substituted in,

Eq. (3.2.8) becomes

3,7 [T - 9y0; - Tt )= aq, (3.2.10)
or in matrix notation,

@,} =1 1+ el 01 [Ty = {T(a, 1)} (3211
where [J] is the sensitivity coefficient matrix and [I] is the identity matrix. For the above
method to be successful, an appropriate choice of the regularization parameter o needs to
be chosen. While there has been much research on choosing the best regularization

parameter in an a priori manner, most schemes depend in some way on the data and/or

constraints placed on the solution, and thus are problem dependent. In the next sections,
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several different techniques for selecting o for inverse heat transfer calculations are

evaluated.

3.2.1.1 Maximum likelihood method

As stated earlier, a solution to an inverse problem is the most probable solution.
The maximum likelihood method is used to determine the optimal regularization
parameter such that the solution is most probable from the given set of experimentally
measured temperature data. The method is based on the use of a priori information on the
parameters to be estimated, which is added to the information provided by the data. In a
statistical context, the a priori information on {q} is expressed in the form of a priori
probability distribution p({q}). Bayes’ rule allows us to combine it with the information

contained in the data to obtain the a posteriori distribution [Demoment, 1989],

pP({a}/{T}) = p({T} /{a}) p(ia})/ p({T}) (3.2.12)
Here p({T}/{q}) denotes the probability distribution of the data based on the real solution
{q}. The solution is completely determined by the knowledge of models and noise

distribution. Since p({T})is constant, the above equation can be expressed as

p({a} /{T}) e« p({T}/{q}) p({a}) (3.2.13)

The regularization method is then written as

tq} = arg Min({T} —{T({g)}] [T} — (T(tah)i]+ et} (@) (3.2.14)

The above equation is tantamount to maximizing the a posteriori distribution,

P} /{T}),

{q} = argMax p({q}/ {T}) (3.2.15)
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where

p(ia} AT = expl- {{T3 — (1(tap ] [Ty~ 1 Ctay]+ ey (@) 3:2.16)
The measured temperature data { T } is of the form

T} =914} + {T(fa, )} + {e) (3.2.17)
Assuming that {g} follows a normal distribution N(0,6%), we obtain the following

probability function [Bartoszynski, 1996]:

PUT} /{g},0?) 4%)““

.exp[( 2‘012 T - [014a} - {T({a, 3 | (T3 -] {q}—{T({qo})}]} (3.2.18)

where M is the number of thermal sensors. According to the Bayesian theory, the prior
distribution of {q} should follow a normal distribution. Thus, combining equations

(3.2.13), (3.2.16) and (3.2.18) yields the following expression for the distribution:

p(iq}/a,0°) = (2 1 j detle[1]]"” exp{(_—oi) {q)" {q}} (3.2.19)
o 20

where N is the number of unknown components of {q}. The most commonly used
maximum likelihood approach consists of maximizing a marginal likelihood, which is

obtained by integrating the object out of the problem [Galatsanos et al., 1992],

L (0= pUiah{Thda= p({Ty/iah.0”) i}/ s 0”)dg (3:220)

which means the probability of {T} falling in a short interval of length A near {T }

[Pitman, 1993]. This approach can be considered as a special case of the expectation-

maximum likelihood (EM). The analytical expression for L+ («, o?)is given in Appendix

A. Taking the derivative of L+ (a,0%) with respect to o> and setting it equal to zero yields
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o’ = (ﬁ)- R(a) (3.2.21)

where R(@) = [{T} = {T({q, )} [11- TA@)]][{T} - {T({q,})}]. Substituting the above

equation into Eq. (3.2.20), one has the error indicator as a function of ¢,

Lo < [T = M@ D -WA@DIT - ] (55 )
(det[[1] - [TN[A@)])

where [A(a)]= ([J1'[J]1+a[I])'[J]". Thus, the optimal & corresponds to the minimum

of the error indicator.

3.2.1.2 Ordinary cross-validation (OCV) and generalized cross-validation (GCV)
methods

The OCV and GCV methods are widely recognized methods in the field of
statistical data analysis. The essence of the method, when viewed in the current context,
is to first find the vector of S(,K) that minimizes the cost function,

N

M 2
S, (a,k) = Z[‘ﬁ—'l’i] +ad g (3.2.23)

i=1
i=k

with the K™ values of measured and computed temperatures (T, and Ty) omitted from the

calculation. In this sense the ordinary cross-validation technique is also referred to as “the

leaving-one-out method.”

Having arrived at S(«, K) that minimizes the cost function, we evaluate the

effectiveness of this vector in predicting the value of T, that was “left out" of the
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calculation of the cost function. We denote the predicted value of T, by Ty (a, K). The

ordinary cross-validation function Vg(a) is then defined in order to measure the success
of this prediction when the “leaving-one-out" process is repeated for all the available data

points T, (i.e., for k=1 to M). The ordinary cross-validation error indicator is thus defined
by

V, (@)= i[ﬁ ~T(a.k)] (3.2.24)

1
M
For linear problems, the following equation is derived (See Appendix B for the detailed

derivation):

180 -T@)]
V“‘”‘M%{ (1-by) }

= eI (BT - (T(Ga, ) (32.25)

where [B(&)]= [J)(I]" ]+ ef1)) ' [1]'

The ordinary cross-validation technique described above may fail in cases where
the matrix [B(«)] is close to diagonal. It is clear that if [B(¢)] is diagonal, then the cross-
validation function Vo(@) given above reduces simply to (1/M) || {T} || 2 which is entirely
independent of the choice of a. Therefore, the use of the GCV method is based on the
argument that any good choice of a should be “invariant under rotation of the
measurement co-ordinate system". The error indicator for the GCV method can be written

as,

(/M1 - [BDAT
.

= - (3.2.26)
[(1/ M)Tr([1]-[B])]
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The detailed derivation is shown in Appendix B.

3.2.1.3 The L-curve method

As discussed above, the method of regularization represents a balance between
the data-solution agreement and smoothness of solution. Thus, an appropriate choice of
should give an optimal balance. This idea has led to the development of the L-curve
method (Fig.3.1), which was first proposed by Hansen (1993). This method locates the
‘corner’ on a plot of the function of the norm of computed heat fluxes, || {q} || , versus the
norm of the difference between sensor temperatures and computed temperatures, || {T}-

{ T computed} || . Let ¥ be a monotonically increasing function and define the curve,

L= (¥ (i), ¥ T~ Tl > 0f (3:227)
Often Y is chosen to be one of the functions,

Y =t, W)=+t or ) =%log10 t,£50 (3.2.28)

3.2.1.4 Discrepancy principle (DP)

The method for a priori parameter selection, such as the GCV, the ML and the L-
curve methods, requires no knowledge of the random errors (noise) in the experimental
data. A posteriori method such as the discrepancy principle does require an estimate of
sensor errors [Morozov, 1984]. The discrepancy principle demands that the problem is
solved so that the residual norm is the same as the norm of errors 6 in the measurements.

That is,

sy — e (3.2.29)
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The value of a is selected as the optimal regularization parameter. This method demands

a good estimate of the experimental errors.

3.2.1.5 Yagola'sdiscussion

Yagola et al. (2002) mentioned that L-curve method was mathematically inapplicable for
the solution of an ill-posed problem. In fact, they pointed out that the error must be
known prior to the calculations to solve the ill-posed problem. Therefore, in their theory,
GCV is also inapplicable because GCV doesn’t use the prior information of the error.

Their algorithm is as follows:

Consider

Az=U, zeZ,ueU
@D
|A - A<h,

u, —uj|<s

To find the approximate solution means to be able to construct a regularizing algorithm.
The Regularizing algorithm implies
1. brings an element z,s=R(h,0,Ap,us) into correspondence with any data (h,0,Ap,us),

h>0,02>0, A, eL(ZU), u; €U of the problem (I);

2. has the convergence property z,, — Z=A'las h,6 -0, Ue R(A)®R(A)"
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Theorem

Let R(Ap, us) be a map of the set L(Z,U)®U into Z. If R(Ay, us) is a regularizing
algorithm (not depending explicitly on h,3), then the map P(A U)= A'U is continuous on

its domain L(Z,U)® (R(A)® R(A)")

The theorem above shows that R(Ay, us) is for well-posed problem because R(Ay, us) is
continuous (stable) on the domain. However, the theorem above is based on the
regularizing algorithm. In our cases, the second condition, which is convergence as
h,6 — 0, is not guaranteed. Therefore, the theorem does not prove that the L-curve is not
applicable for the ill-posed problem of our algorithm. It is worth using and evaluating the
L-curve method or GCV for the estimation of the regularization parameter in the

computational optimization of the inverse heat conduction problems.

3.2.2 Singular value decomposition method (SVD)
One popular method to solve Eq. (3.2.2b) is to use the singular value
decomposition (SVD) method. Using this method, Eq. (3.2.2b) is solved in the following

manner. First the temperature is linearized,

{T({ah)} —{T(qo )} =[JHa} (3.2.30)

with T(qo) being the temperature field at {q}=0. Substituting into Eq. (3.2.1), we have the

following expression:

i=l1

F({qu})—min{Z (T_i —Ti({qo})—z Jijqj] } (3.2.31)
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The SVD procedure to solve the above equation is to choose a solution vector {q} such

that it minimizes the above error function. The procedure gives the following expression:

[Al{q} = {g} (3.2.32)
with [A ]=[J]'[J] and {g}=[J]T[{T}—{T({qO}})]. Note that F({q,}) measures the

distance from the point {g} to the point [A]{q} in the column space. In the case of matrix
[A] being singular or degenerate, as is often the case in inverse heat transfer problems,
the solution to Eq. (3.2.32) chosen by the SVD process has the smallest distance, that is,
{q}"{q} = minimum. According to the theory of linear algebra, an MxN matrix [A] can
be written as the product of an MxN column-orthogonal matrix, [U], an NxN diagonal
matrix [S] with positive singular values, and the transpose of an NxN orthogonal matrix
[V]. Therefore,

[A]=[U][SI[V]' (3.2.33)
The singular values, S, S, .... Sy, are the squares of the eigenvalues of the matrix
[A]'[A]. Also, [UJ[U]™= [U][UT" = [1] and [V][V]"= [VI[V]'=[1], with [I] being the
identity ~ matrix.  Thus, the matrix [A] can be readily inverted,
[A]" =[VI'[S]'[U]" =[VI[S]'[U]" and the unknown flux vector may be calculated as
follows:

{a} =[VISI'([UT -{g}) (3.2.34)

In a well-conditioned matrix [A], the singular values are roughly of the same

order of magnitude. As the matrix becomes ill-conditioned, that is, singular, these values
become more dispersed. Formally, the condition number of a matrix is defined as the
base 10 logarithm of the ratio between the largest to the smallest of the §’s. For ill-

conditioned [A], the solution vector, {q}, when pre-multiplied by the inverse matrix of
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[A], results in a very poor approximation to the force vector {g}. This can be particularly
true when some of the singular values are zero or very small. One remedy to the problem
is to use the truncated SVD by which a judicial decision is made to throw away the
singular values smaller than a singularity threshold value, that is, to set 1/s; = 0 if
s/s,.. <7 (j=1,2,...,N).

From the experience of selecting the regularization parameters, we propose the

use of the discrepancy principle to choose the singularity threshold value. Thus, we have
[T 1@} =0 (3.2.35)

This approach eliminates the ad hoc guess for the threshold value t. The testing cases

below show that this method produces a consistently good estimate.

3.2.3 Levenberg-Marquardt method
3.2.3.1 Ozisk’simplementation
The minimization problem can be solved using the Levenberg-Marquardt method, which
in essence is a modification of the Gauss-Newton algorithm that more dynamically mixes
the Gauss-Newton algorithm and gradient-descent iterations. The method is iterative in
nature [Sawaf et al., 1995]. This method uses the second order derivative of F with
respect to {q}, that is, the Hessian matrix or the curvature matrix, which is given by
[11"[J]. Thus, Eq. (3.2.2b) may be solved using Newton’s method,

0=[I1"[T]-[91" {T} +[9]" [I1{Aq} (3.2.36)
The Levenberg-Marquardt algorithm for the solution of the above equation stabilizes the

Hessian matrix by adding to an adjustable parameter term z*diag(([J1*)"[J]*)and the

resultant iterative procedure is thus as follows:
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(Qu 1" =1, 1+ [1)TUTE + i diag (1) 19

(T[T - T, 1)) (3.237)
where diag means taking the diagonal terms of the matrix in the bracket and p is a
positive scalar damping parameter whose magnitude is dynamically adjusted to condition
the iterative process. The superscript kK denotes the iteration number. The calculation
starts with an initial guess for {q,}, and the temperature distribution is predicted and
compared with the measured data. If the error increases during updating, then p is
increased, often by a factor of 10. On the other hand, if the error reduces, then u is
decreased, often by a factor of 10 [Marquardt, 1963]. The iteration convergence and the

objective function F({q,}) are both used as stopping criteria [Ozisik et al., 2000],

a3 —{a, 3 1<y, (3.2.38)
F({a,}*"H<7, (3.2.39)
o [ -1 cia, 0] < (32.40)

where v, V2, y3 are pre-chosen constants. The Levenberg-Marquardt algorithm has proved
to be an effective and popular way to solve nonlinear least squares problems. It can also

be used to solve linear problems.

3.2.3.2 Mor€ simplementation (trust-region strategy)
The Levenberg-Marquardt method can be described and analyzed using the trust-
region framework. More proposed a robust and efficient implementation of the

Levenberg-Marquardt method using a trust-region strategy [More, 1977]. The solution
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for the estimation of the N unknown parameters Pj, j=1, ....,N, is based on the

minimization of the ordinary least squares norm given by

S(PY = [Ty - (10 + P T - (T + P} (3.2:41)
We utilize a trust-region strategy for our calculation. That is, the objective function above

has a constraint of
[Py<a (3.2.42)
where A is a trust-region radius. Using the Lagrange function
W = [T =T + P [T = T Cxy+ (P} s —(PyT{PY) - (3.2.43)
In the above equation, p is a Lagrange multiplier. To minimize the Lagrange function

given by equation (3.2.43), we need to equate to zero the derivatives of W({P}) with

respect to each of the unknown parameters [P1, Pa,....., Py], that is,

VP({PH =T (PH[{T}— {T({x} + P} ]+ (P =0 (3.2.44)
where [J({P})]:[a{TT (g;l}); P} } . In the linear inverse problem, the following
relation holds:

{T({x}+{P})} ={T({PH} +[J]{P} (3.2.45)

The resulting expression is rearranged to yield the following procedure to obtain the

vector of unknown parameters {P}:

Py =07 0+ ] 17 [T - TPy (3.2.46)
The complementarity condition of this problem is

w([{P}-2)=0 (3.2.47)
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The Lagrange multiplier p is called a damping parameter for the Levenberg-Marquard
method. To find an optimal damping parameter for the calculation, the following function

is utilized:
s =|P|-a= o an] O [T -meep] -2 G24m)

If ¢(0) <0, then u=0 is the required parameter. Otherwise, the following procedure is

utilized. Let [J]=[U][S][V]" be the singular value decomposition of [J], then

|P3” = (P}" (P}

[Ty - reey] [U][S][([sf + ﬂ[l])"]z[SJ[UJ[{T} —{T({PH}]

Su (T -T)’ }
(3.2.49)
[Z: (8" +u)’
where sy, ....., s, are the singular values of [J]. Equation (3.2.49) is
1
S szuiz(TT—Ti)z}z
=)y ————F—| -A (3.2.50
#(u0) {Z i )

Notice that the above equation is expressed as

¢uo=ba —A (3.2.51)
+u

Therefore, @ 1u+1)=0 if

Pl )+ AN A1)
k= He — 3.2.52
“ # ( A ]{¢'(ﬂk):| ( )

The function ¢'(x) is derived in the following form:

og(u) _ P _ L e
ou ou ou

#'(u)= II{P( M
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SW(T-T) _ {Py (1" D]+ 41D P}

= 3.2.53
T P ] 0259
In the above equation, the following equations are utilized:
dew & sud-T)
3.2.54
Op JZ; (s +u)’ ( :
Py T+ e py = 3 AT (3.2.55)

=1 (s’ +u)’

3.3 INVERSE SOLIDIFICATION PROBLEMS

The inverse solidification problem seeks the heat flux distribution {q} that leads

to a given solidification interface distance {d}. The inverse solidification problem
belongs to the class of a nonlinear inverse problem. Therefore, the SVD method, which is
used for the inverse heat transfer problem, is not applicable in the nonlinear problem. In
addition, the Levenberg-Marquardt algorithm is not effective based on the cases studied
in the inverse heat transfer problems. The regularization method seems like a viable
choice for nonlinear inverse problems. In this section, we present the regularization
method for the inverse solidification problem. Then, a new method for computing
sensitivity coefficients is addressed. The L-curve method, sequential and whole domain

methods, scaling, and piecewise polynomial functions are also presented.

3.3.1 Theregularization method
3.3.1.1 Steady-state problems

The inverse solidification problem seeks the heat flux distribution {q} that leads

to a given solid-liquid interface shape {d }. Note that solidification interface distance,
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{d}, is defined as the length between the left wall and the solid-liquid interface (See Fig.

2.2). For the purpose of numerical analysis, the unknown {q} is discretized into N

different values, ¢}, j=1, ..., N. Thus, the inverse solution is to estimate the N unknown
parameters g (j=1, ...., N) by minimizing the following objective function:
M o 5 NG
s(iah) = [d, —d (tap]" +adq (3.3.1)
i=1 i=1

where {q}'= [0n02 ...,an] is the vector of unknown parameters, di({q}) is the estimated
solidification interface position, d, is the ideal solidification interface position, N is the
total number of unknown parameters, and M is the total number of controlled
solidification interface position, where M> N. In the above equation « is the
regularization parameter. Equation (3.3.1) can be written in matrix form,

Stiah)= i@t} Tl —tdciah) i+ ety oy (3:32)

To minimize the least squares norm given by Equation (3.3.2), the derivatives of S {q})

with respect to each of the unknown parameters [Qs, Oy, ....., On] are set to zero, that is,
oS(ia}) _oS(ah) _ . _oStap _, (333)
aq, aq, oqy

This necessary condition for the minimization of §{q}) can be expressed in matrix

notation by setting the gradient of §{q}) to zero, that is,

o{d" ({a})}

S }[{d}—{d({q})}]wa{q} ~0 (3.3.4)

VS({q}) = 2{—
Defining the sensitivity coefficient matrix,

o4d" ({q})}}T (3.3.5)

J -
[J({a})] { o
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To approximate the sensitivity coefficients, the finite difference scheme is used (See the

next section). Equation (3.3.4) becomes

e @)~ tdany] = et} (3.3.6)
For non-linear problems, when the sensitivity coefficients depend on the vector of
unknown parameters {q}, the problem is referred to as non-linear inverse problems. By

the Taylor series expansion,

{dia) )} = [d({ay ) + I Gy - {q)*) (3.3.7)
Equation (3.3.6) becomes

[T (a3 T [{d) — d gy 3] = ety (3.3.8)
Using Equation (3.3.7) for the non-linear equation, Equation (3.3.8) becomes

[0y DI [(d) — (d(ta)s -1 (' = {ay) | = erdqy* (3.3.9)
and then

@ = [T e @1 [ - e+ e ] (3.3010)

Further assuming [J{q""'}]= [J{q"}], we have the following estimation for the unknown

heat flux distribution:

@ = [ I et @197 [[@ - g 0] 33D

3.3.1.2 Transient problems

The inverse transient solidification problem seeks the heat flux distribution q(y,t)

that leads to a given solidification interface distance aij for time and space. For the

purpose of a numerical analysis, we consider the unknown function q(y,t) to be

parameterized in the following form:
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a(y.)=2a; f,(y,1) (3.3.12)
j=1

where f,(y,t) (J=1, ...., N) are known trial functions. This approach is categorized to the

parameter estimation approach. The inverse solution is to estimate the N unknown

parameters Qj (j=1, ...., N) by minimizing the following objective function:

S(iq}) =

L
i=1

Z[aij —dij({q})] +aZ_:qu (3.3.13)

=1

where @ is the unknown parameters, dij

is the ideal solidification interface distance at
time and space, d;j({q}) is the estimated solidification interface distance corresponding to

the same time and space as d. ., L is the number of controlled solidification distance for

ijo
time, M is the number of controlled solidification distance for space, and N is the total
number of unknown parameters. In the above equation, « is the regularization parameter.

Equation (3.3.13) can be written in matrix form,

Sttah =fdy —tactapy]Tlia - tactan i+ atay™a) (3.3.14)
where {q}" =[01,02,..-G}, ... ,On] »
@ =l @] =[d, dyodyd, o dydy,
dCans =[id ) 4d 3 1a 3T = o dydyy dy oy dy I
Notice that equation (3.3.14) is identical to equation (3.3.2). Thus, we can solve the
inverse transient problem using the same procedure as the steady-state calculations

described above. We use equation (3.3.11) to estimate the heat flux solutions. In addition,

we use the following equation for computing the sensitivity coefficients:
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3 _di(ql,qz, ...... .0 + A5, Oy ) = i (G, 0y 5oy G eene, Dy )
iji /1q

J

(3.3.15)

3.3.2 Finite difference approximation for deter mining sensitivity coefficients

It is common knowledge in the inverse community that the following finite-

difference approximation for determining sensitivity coefficients (Eq.3.3.5) is used in the

. . . N od, :
inverse problem. If a conventional forward difference approximation (—'] is used,
A Jew

the sensitivity coefficients with respect to g is approximated by

J —a_diz a_d'
” aqj_ 0q]- Fw

_ d (0,050, Aj + A 5o, Oy ) = A (0, Oy 5oy G enens Oy )

j

(3.3.16)

where A is a small number. Different values of A were selected by authors. In the inverse
heat transfer problem, Ozisik and Orlande (2000) used A=10" or 10°, and Beck and
Blackwell (1988) used A=10". As for the inverse solidification problem, Ruan (1990)
used A=10" in the regularization method, and Zabaras (1990) used A=10" in the steepest
descent method. In this conventional scheme, the perturbed values, Aq; , with constant
A depend on unknown parameters Q. Therefore, the perturbed values vary in the each
calculated sensitivity coefficient. This finite difference scheme works well if the
unknown parameters, {q}, do not distribute in a wide range. However, if the unknown
parameters are in a wide range, especially, in the case where the values are crossing zero,

the calculations to find the optimal solution may be unstable. More specifically, we
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consider truncation error. The truncation error results from the neglected terms in the
Taylor series expansion of the perturbed function. The Taylor series expansion of

d; (9,9, 4; +Ad,.....,0y ) can be written as

+Aq aql + Lt (3.3.17)

The truncation error of the leading term for the forward-difference approximation is

(adiJ _(adiJ
aq; )., 9,

Any arithmetic operation among floating numbers introduces an additional fractional

_Aq; |2,

Err. (AQ,) = 3.3.18
Trun( q]) 2 ‘aqu‘ ( )

error. This type of error is called round-off error. Round-off errors accumulate with
increasing amounts of calculation. The total error (Erria) of the forward-difference
approximation is the combination of the truncation and the round-off errors, which is
given as

Erfoe = B, (AQ)) + Errg g (AQ;) (3.3.19)

If the conventional forward-difference scheme is used, the perturbed values, Ag;, vary
with the unknown parameters. This leads to the disparity of the truncation error in the
sensitivity coefficient. That is, if the unknown parameter is large, the truncation error also
becomes large. Thus, the ratio of the truncation error to the total error is large. On the
other hand, if the unknown parameter is small, the ratio of the round-off error to the total
error is large. This discrepancy in each sensitivity coefficient causes the unstable and

inaccurate solution of the inverse problems.
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As an example, we consider the case where unknown parameters are ranging

-1,000<9<1,000 , and we have ;=0.001 and @,=1,000. If the conventional finite
difference scheme (Eq.3.3.16) is used, the perturbed value for the sensitivity coefficient

Jij equals to (| -A=0.001x0.001=1x10°. Similarly, the perturbed value for by 1s
g, - 4=1,000x0.001=1. In the former case, the perturbed value is very small, which is

1x10°°. Thus, the ratio of the truncation error to the total error is very small. On the other
hand, the perturbed value for J,; , which is 1, is large compared to the last case. Thus, the
ratio of the truncation error to the total error is smaller than that in the last case. This
discrepancy of the error in the sensitivity coefficients causes unstable and slow
convergence. To overcome this drawback, the following forward difference scheme is

proposed:

Jij ~ di (q1 ,qz 29 qj +&- Max(qk),"a qN ) - di (qls--’ qj LAY qN) (3320)
¢ -Max(q,)
where £is a small number, and Max(gx) is a maximum value of {q}. In this proposed

method, the same perturbed value, &-Max(q,), is used for all of the sensitivity

coefficients no matter what values we have for the unknown parameters. This scheme
removes the drawback of the conventional forward difference method since the ratio of
the truncation error has the same level in each sensitivity coefficient. This modification

results in the stable and fast convergence.

3.3.3 L-curve method
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It is well known that the success of the regularized minimization method
described above depends on an appropriate choice of the regularization parameter. Note
that since the problem is non-linear, the Ordinary Cross-Validation (OCV), the
Generalized Cross-Validation (GCV), and Maximum likelihood method (ML) methods,
which were discussed in Chapter 3.2 for the inverse heat conduction problems, are in
general ineffective to find the optimal regularization parameter. In addition, the
discrepancy principle based on the measurement error is not utilized because error may
not be easily specified. The L-curve method is considered a viable choice for this
purpose. The L-curve method is based on an algorithm that locates the ‘corner’ of a plot
of the function of norm of computed heat fluxes, ||{q}||, versus norm of the difference
between computed solidification distance and prescribed solidification distance,

||{E} —{ d}” (Figure 3.1). Let ® be a monotonically increasing function, we may define
the curve,

L ={@(ia). @ - (@f):a >0} (3.3.21)

where @ is chosen to be one of the following functions:

1
D)=t (1) =+t ord(t)=logt,t>0 (3.3.22)

3.3.4 A sequential method and a whole domain method

The time domain in which the inverse problem is calculated may be another way
to classify the methods of solution. Several schemes have been proposed for the time-
dependent inverse problem. A whole domain method and a sequential method are useful

methods for a parameter specification inverse problem. The whole domain method
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utilizes the whole part of the time domain to compute unknown parameters in the inverse
algorithm. On the other hand, the time domain in the sequential method is split into some
parts of the time domain. Then unknown variables in each time domain are calculated
separately and independently. The final conditions that are calculated in each time
domain are carried over to the next time domains for the initial conditions. In the
regularization method, the most of the computation time is spent for computing the
sensitivity coefficient matrix. All of the time steps must be considered to form the
sensitivity coefficient matrix for the whole domain method. Therefore, the whole time
domain method is computationally expensive and time-consuming. On the other hand,
each time domain has the smaller number of the time steps in the sequential method. As a
result, the smaller number of the sensitivity coefficients is calculated. Therefore, the
sequential method allows us to store small space of a computer memory. In addition, the
computation time of the sequential method is faster than that of the whole domain
method. The whole domain method, however, may be suitable for the problems where
variables in the early time domain affect the controlled parameters in the late time. These
problems include the solidification process in which the effect of diffusion and latent heat
is considered. We use both the whole domain and sequential methods in the present

research.

3.3.5 Scaling
We use a polynomial approximation for the trial functions (Eq. 3.3.12) to find
optimal heat flux solutions. When variables of the polynomial function are either in a

small or large range, scaling needs to be performed for the variables of the polynomial
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functions. Scaling is a transformation of the polynomial function in order to obtain an
optimal solution of the inverse calculations. The poorly scaled functions make the
solution unbalanced. For example, when a second order polynomial function,
q(x)=apx*+ax+tas (0<x<001), is used for approximating an optimal solution, the
coefficient a; for x° has very small effect compared to a, and az because X is a very small
value in0 < x<0.01. In other words, q(X) is less sensitive to small changes in @; than those
in ay. Thus, the sensitivity coefficients J;; (Eq. 3.3.15) for a; become very small. When
these sensitivity coefficients are used to find the optimal solution, we obtain the solution
in which the value of ap¢ is small and negligible. That is, the solution using this
polynomial function has a strong linear relationship between X and . For overcoming this

drawback, the polynomial function should be changed to
ax)=a,-107"x*)+a,- (107 x)+a, (3.3.23)

Since the variables (10 x% 10 x, and 1) are linearly independent and generate a second
order polynomial function, no loss of generality is incurred by the use of the scaled

polynomial function. In addition, the scaled function makes the solution more balanced.

3.3.6 Piecawise functions

In the whole domain method, we use the piecewise approximation for an optimal
heat flux solution. The final time t; is given in the calculation. We split the time domain

into (n+1) domains as follows:

0=t, <t <t, <....... <t,=t; (3.3.24)
Piecewise functions P;(t) are defined as
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P(t) t <t<t, i=0,1...,n-1 (3.3.25)

3.4 SUMMARY OF THE NUMERICAL ALGORITHM

In this section, the computational algorithm for the inverse heat conduction

problems and the inverse solidification problems described above are summarized.

3.4.1 Inver se heat conduction problems

Suppose that the temperature measurements {T}=(T,---T,,), the norm of

measurement error J, and the standard deviation of measurement error ¢ are given.

Unknown heat flux {q} is computed as follows.
3.4.1.1 Theregularization method and the SVD
Step 1. Set a perturbation value A=6q=0.01.

Step 2. Set {q}={qo}=(q1, 92, -----.- , qny=(0,0,....,0).

Step 3. Solve the direct problem given by equations (2.1.1), (2.1.2), (2.1.3) in order to

compute {T({q,})} = (T/--T;"-- Ty, ) using {qo}=0.
For j=1,N

Step 4. Set q;=0q. q1=q2>= ...=qj-1=qj+1...=qn =0. That is, {q ¥=(q1, 92, e Gjees

qn}=(0,...0,5g, 0,...0)
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Step 5. Solve the direct problem given by equations (2.1.1), (2.1.2), (2.1.3) in order to
compute {T"({q"})} = (T)"--T"--Ty) using {q”’}.
For i=1,M

e : T'-T'
Step 6. Compute the sensitivity coefficients, J; =———-.

]

End for i

End for |

Knowing [J], {T({q,})}, {T}, the regularization method and the SVD are computed as
follows:

1) The regularization method

Step 7. Set a=1

Step 8. Compute {q} using Eq. (3.2.11).

Step 9. Compute the value of ML, OCV, GCV, DP, L-curve using Eq. (3.2.21), (3.2.22),

(3.2.25), (3.2.26), (3.2.27), (3.2.29)

Step 10. Replace o by 0.9, and return to Step 8 until a<107%°

ii) SVD

Step 7. 1=1

Step 8. Compute {q} using Eq. (3.2.34).

Step 9. Compute the value of DP using Eq. (3.2.35)

Step 10. Replace t by 0.91, and return to Step 8 until t<102°
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3.4.1.2 The Levenberg-Mar quar dt method

(a) Ozisik implementation

Step 1. Set k=1, A=0.01, u=0.001.

Step 2. Take an initial guess for the heat flux, {qO}Z(q,O,- 0, qR) .

Step 3. Solve the direct problem given by equations (2.1.1), (2.1.2), (2.1.3) in order to
compute {T({q}*")} = (T, T/--Ty, yusing {q}'“'=(q",-,qf ", a )

For j=1,N

Step 4. Set {q }=(a",+-.q " +Aq'",-ak ).

Step 5. Solve the direct problem given by equations (2.1.1), (2.1.2), (2.1.3) in order to

compute {T"({q"})} =(T,"--T"--Ty).

For i=1,M
e : T"-T/
Step 6. Compute the sensitivity coefficients, J; = g
q;
End for i
End for |

Step 7. Compute {q} “1 from Eq. (3.2.37).
Step 8. Compute F({q} k+1).

IfF({q} kH)ZF({q} “, replace p by 10p and return to Step 7.

IfF({q} k”)<F({q} ), accept the new estimate {q} “! and replace p by 0.1p.
Step 9. Check the stopping criteria given by Eq.(3.2.38-40). If any of the criteria is

satisfied, stop the calculations; Otherwise, replace k by k+1 and return to Step 3.

(b) More’s implementation
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We consider a linear inverse heat transfer problem in this algorithm.

Step 1. Set po, A, {q"} , A, m=0

Step 2. Compute {T°}, [J] using the direct problem given by equations (2.1.1), (2.1.2),
(2.1.3).

Step 3. k=0

Step 4. Compute {P(u)} using the equation(3.2.46).

Step 5. Compute {T({P})}={T} ™ +[J]{P(ro)}

Step 6. Evaluate ¢(, ) and ¢'(y, ) using the equations (3.2.48) and (3.2.53)

Step 7. If ¢(u, ) =~ 0, then accept the step {P}. Set {q}™"'={P}+{q}™, {T}™'={T({P})},

A™!'=)A™, and go to step 10. Otherwise go to step 8.

Step 8. Obtain py; using equation (3.2.52).

Step 9. If pk+1<0, then set py = po X0.01 and go to step 4. Otherwise set k=k+1and go to
step 4.

Step 10. If A™" is small enough, stop the calculation. Otherwise replace mby m+1 and

go to step 3.

3.4.2 Inver se solidification problems
Step 1. Set k=1, A=0.01, a=1
Step 2. Set the ideal solidification distance, {d} = (al Sty CTM ).

Step 3. Set the initial guess of heat flux, {q°}=(q,+-,q],"-a}).

For j=1,N
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Step 4. Solve the direct problem given by equations (2.3.1) to (2.3.8) in order to compute

the solidification distance {dy=(d/",--,d e di using
{q}k_l :(qlk_la' : '7q:'<_19' : 'qKI_l)

Step 5. Set {q }=(q/",+~,a}" + a7, Ay ).
Step 6. Solve the direct problem given by equations (2.3.1) to (2.3.8) in order to compute

the solidification distance {d"} =(d/,---,d/,---dy, )using {q"}.

For i=1,M
d_lr_ d-k_l
Step 7. Compute the sensitivity coefficients, J; = '/1—kj1
q;
End for i
End for |

Step 8. Compute {q} using Eq. (3.3.11).

Step 9. If H{q} kel _ {q}kH < w is satisfied, replace o by 0.8a and go to Step 3 until a<107,

Otherwise, replace k by k+1 and return to Step 4.
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y

Figure 3.1. Illustration of determining optimal o using the L-curve method in
the case of (a) the inverse heat conduction problems and (b) the
inverse solidification problems
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CHAPTER FOUR
RESULTSAND DISCUSSION

We address and discuss the formulations and results of the inverse heat

conduction problems and the inverse solidification problems in this chapter.

4.1 INVERSE HEAT CONDUCTION PROBLEMS

In this section, various schemes presented for the selection of optimal
regularization parameter o are discussed in a comparative fashion for the inverse heat
transfer calculations. The results are then compared with those obtained using the SVD
and Levenberg-Marquardt methods. The examples used steady-state 2-D problems. A
parameter estimation and a function estimation approach are also evaluated using
transient 1-D problems. The direct problems are calculated using the Galerkin finite
element method. The detailed formulation and accuracy of the calculation were given in
early publications [Song et al, 2002]. As an application, the heat flux distribution
calculated using the inverse heat transfer algorithm described above is also presented.

In general, error of the temperature measurement is assumed to follow a normal
distribution. Thus, in the example problems, the input error is the normally distributed
random number generated in the following scheme. Let z; and z, be independent

uniformly distributed random number in [0,1]. Then the random variables

&=4-2Inz, cos(2nz,) (4.1.1)

are independent and distributed according to the standard normal distribution, N(0,1). If
the temperature distribution follows N(7, o), then the temperatures are determined in the

following forms:
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+oE (4.1.2)

sensor analytic
Regularization parameters for the analytic solution are determined by finding the

minimum points of the following sum of square errors in the computed heat flux {q(a)}:
& 2
S(a) = Z[qf (a)_qj,analy[ic] (413)
j=1

In the above equation, gj, anapric 1S the heat flux for the analytic solution, and gj(a) is the
computed heat flux. The value of S(a) indicates the accuracy of the heat flux using the
inverse algorithm. Equations for the ML, OCV, and GCV methods are shown in
equations (3.2.22), (3.2.25), (3.2.26), respectively. The minimum points of these
functions indicate the optimal regularization parameter. The regularization parameters by
the L-curve method were found in the corner points. Since the variance 6*(o) found using
the maximum likelihood method is found in equation (3.2.21), the variance is compared
with the input error variance o°. The regularization parameters were then found by
minimizing

MLuariancd @)= 0°(8)-0 anayic (4.1.4)
Similarly, utilizing equation (3.2.29) for the discrepancy principle, the regularization
parameters were found by utilizing

DP(0)=| 6- [ {T }-{Teompuea(@)} || | (4.1.5)
where 0 is the norm of input noise in the sensors, { T } is the sensor temperature, and
{Tcompueat1s the computed temperature depending on a . The same equation is used to
find the optimal singularity threshold for SVD. These functions are examined for a range

of o and T varying between 10" and 1.
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4.1.1 Steady-state problems
4.1.1.1 2-D heat conduction with a rectangular region

First, we consider a 2-D inverse heat conduction problem over a rectangular
region (0<x<Im, 0<y<1m) with and without heat generation. The boundaries at y=0 and
y=1m were insulated. The boundary at x=0 was kept at 10K, and the heat fluxes at x=1m
are to be determined using the inverse algorithm. The problem is schematically shown in
Figure 4.1.1. Three different cases are considered, which are given in Table 4.1.1. The
analytic solution is obtained using the prescribed temperature of 110K. The “measured”
interior sensor temperatures are generated by tempering the analytic solution with
different noise levels. The inverse calculations used the regularization parameters
selected by the maximum likelihood (ML), the ordinary cross-validation (OCV), the
generalized cross-validation (GCV), and the L-curve methods, as well as the discrepancy
principle (DP). As a comparison, the problems are also solved using the SVD.

The results for the case where 6 sensor points with 6=0.9 are plotted in Figure
4.1.2. Table 4.1.2 shows that the regularization parameter chosen in each method and its
corresponding least square error. From Figure 4.1.2a and Table 4.1.2, we can see that the
DP gives the best estimate of ¢, and the OCV and GCV give the next best estimate,
though not as good as the DP. As shown in Figure 4.1.2b, the L-curve plots form the L-
curve shape, but the regularization parameter at the convex point, which is taken as an
optimal parameter, is smaller than in the analytic solution. The ML and ML-variance do
not perform very well. Once again, from Figure 4.1.2¢c, the DP gives a good estimate of

the singularity threshold value in comparison with S(analytic).
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For other cases with the different number of sensors and error level, the DP is
consistently the best estimate for choosing the regularization parameter. For some cases
of the OCV and GCV, two local minimum points are shown. But overall, the OCV and
GCYV are the second and third best methods to find a. In all of the cases, the ML, ML-
variance, and the L-curve find the smaller value than in the analytical solution.

Calculations with sensors located at different positions were also made. Two
extreme cases are presented in Figure 4.1.3. In Figure 4.1.3a, the sensors are distributed
evenly around the center of the square, and the SVD method outperforms the
regularization method. In the case of the regularization method, the total net heat balance
still holds, though the heat flux is not distributed symmetrically. In Figure 4.1.3b, on the
other hand, the sensors are placed at the middle plane horizontally, and the regularization

method performs much better than the SVD method.

4.1.1.2 Axisymmetric over-specified problems

This problem is concerned with an annular, homogeneous, isotropic, planar region
between two concentric circles (see Fig.4.1.4) with nondimensionalized radii, where p, =
0.5 and p, = 1.2 is considered. This problem is chosen to test the algorithms for the
problems with over-specified boundary conditions on the outer boundary. The
discretization uses linear elements with /=10 along the azimuthal direction and m=24, 36,
48 in the radial direction.

The analytic solution for the well-posed problem, where u,=0.5 and u,=1, gives
the results of q, = -1.142, and g, = 0.4759 [Martin et al., 1996]. For the numerical inverse

solution, the outer boundary was over-specified with both constant temperature and flux
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boundary conditions taken from the analytic solution of the well-posed problem, while
nothing was specified on the inner circular boundary. We use the case with m=36 and
6=0.05 in the following results of the Levenberg-Marquardt method, the regularization

method, and the SVD.

Results of the L evenber g-M ar quar dt method

We use both the Ozisik’s implementation (Sec. 3.2.3.1) and the More’s
implementation (Sec. 3.2.3.2) for the Levenberg-Marquardt method. The Ozisik’s
implementation diverges and fails every time. On the other hand, the More’s
implementation, which is used for the first time in the inverse heat transfer problems, is
likely to converge to the optimal solution.

The behavior of our algorithm is shown in Table 4.1.3. We chose A’=3.3 and A
=0.5. The initial estimate of the heat flux is set at q"=0. Selecting the appropriate A’ and A
is critical to obtain an optimal heat flux solution. If A’ is too small or X is too large, the
algorithm may miss a chance to reach an optimal solution. On the other hand, if A’ is too
large or A is too small, the solution may be far from the optimal solution. Table 4.1.3
shows that the complementarity condition (Eq. (3.2.47)) holds at every iteration. The
damping parameter, L, increases as the trust-region radius, A, is gradually reduced. This
result mathematically makes sense because |P(u)| is a decreasing function. In the
Ozisik’s implementation for choosing the damping parameter, the parameter is gradually
reduced as the iteration procedure advances to the optimal solution. This decreasing
damping parameter is considered one of the reasons for the divergence of the calculation,

which occurs likely in the Ozisik’s implementation, because |[P(u — 0)|=+oin the ill-
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posed problems. However, the Ozisik’s implementation may work well if the problem is
well-posed. In this example problem, we find that the problem is ill-posed because
s... =0. Table 4.1.3 also shows that our calculation is efficiently performed to converge

to the solution.

Resultsfor theregularization method and the SVD

Table 4.1.4 shows the regularization parameters chosen in each method and the
corresponding least square error. The error indicators for the regularization parameter are
shown in Figure 4.1.5a. It is clear that the regularization parameter chosen by the DP
method is close to that chosen by the analytical solution S(a). The parameter chosen by
OCV and GCV is closed to the optimal parameter, and its corresponding least square
error is reasonably small. The regularization parameters selected by ML(a), and its
variance, ML, iance(0t), are smaller than the optimal regularization parameter selected by
S(a). The regularization parameter corresponding to the corner points in the L-curve (Fig.
4.1.5b) is 0=3.64x107, and that is far from that given by S(e) or DP(¢). Similar results
were found for m=24, 36, and 48 and other conditions. Figure 4.1.5¢ shows the error
indicator for the singularity threshold. For this problem, the minimum points of the

discrepancy principle (DP) match well with the analytic solution.

Comparison of the accuracy of the three methods
Figures 4.1.6a, 4.1.6b, and 4.1.7c plot the errors associated with the heat fluxes
and the inner temperatures with m=36 and 6=0.05 calculated in the Levenberg-Marquardt

method with the More’s implementation, the regularization method and the SVD method
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using the optimal o and t, determined using the DP. The SVD method outperforms the
regularization method and the Levenberg-Marquardt method in both the inner
temperatures and inner heal flux solutions. The solution of the regularization method has
the same level of accuracy of the Levenberg-Marquardt method. We note that the

parameters chosen in each method play a central role of the comparison of the accuracy.

4.1.2 Transient problems

In this section, the inverse transient heat transfer calculations are discussed. We
first use an example problem where the analytic solution is available. Then we consider
another case where heat flux solution contains discontinuities and sharp corners. Toward
this end, both function estimation and parameter estimation are used for the inverse
calculations. We also consider the case where the sensor temperatures have measurement

errors. The accuracy of the computational solution is then discussed.

4.1.2.1 Example problem 1
Direct problem

Solutions to the diffusion equation (the Fourier equation)

oT 0T
——a
ot ox?

=0 (4.1.6)

are obtained in the spatial interval 0.1 < x <1.0, with boundary conditions

2
or =c=2-2xsin(0.057)exp| — a[zj t| atx=0.1 (4.1.7a)
ox 2
and
T=2 at x=1 (4.1.7b)
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Initial conditions are chosen to be

T =2x+4co0s(0.5mx) (4.1.8)

This problem has the following exact analytic solution [Fletcher, 1991]:
p 2
T =2x+4cos(0.5mx) exp{— O{Ej t} . (4.1.9)

First, the direct problem of the above example is solved. For this purpose, the Galerkin
finite element method is used to discretize with linear elements. The FEM calculations
are then compared to the exact analytic solution (Eq.4.1.9). Note that assessing the
accuracy of the FEM calculations is not the objective of the present research. However,
we use the FEM calculations for computing the sensitivity coefficients for both the
regularization method and the SVD. The truncation error and the round-off error of the
FEM calculations may cause a significant error to the inverse calculations. Thus, the
FEM calculations should have a good agreement with the exact analytic solutions for the
accurate calculations of the inverse problem. In the FEM calculations, we use A=0.01,
Ax=0.1, and a =1 to compute the temperature distribution in the above example problem.

We utilize the following RMS error to assess the accuracy of the FEM calculations:

N 1/2
RMSerror = |:(Z (]—;‘,analytic - T;‘,computed )2 ] / N:| (4 1 . 10)
i=1

where N is the number of nodes, Tjuanic 15 the temperature for the analytic solution

(Eq.4.1.9), and Tjcompuea 1s the computed temperature. At t=2s, the RMS error is
4.368x107*. Thus, the FEM calculations with A=0.01 and Ax=0.1 are considered to be

accurate enough to be utilized for the inverse calculations.
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Inverse problem

We utilize the above direct problem for formulating the inverse calculations and
assessing the accuracy. First, we assume that the boundary condition at x=1 is not
specified. However, the temperatures (sensor temperatures) in the interior domain are
specified using the analytic solution (Eq.4.1.9). Then, the heat flux at x=1 is found using
the inverse calculations.

The mesh discritization (A=0.01 and Ax=0.1) is the same as the one used in the
direct problem. Sensor temperatures are located at x=0.1, 0.4, and 0.7, which are
specified at every 0.1 seconds. The sensor temperatures are computed using the analytic
solution (Eq.4.1.9). The final time is set at =2s. Therefore, the total number of sensor
temperatures in the inverse calculations is 60 (20x3) points. We also examine the case
where the sensor temperatures have measurement errors. We assume that the
measurement errors of the sensor temperatures follow a normal distribution N(7, o). Thus,
the sensor temperatures are determined using Eq.(4.1.2). The standard deviation © is set
at 6=0.01 in the inverse calculations. The heat flux at x=1 is computed using the
temperature (Eq. 4.1.7b) at x=1, the initial temperatures (Eq.4.1.8), and the sensor
temperatures located at x=0.1, 0.4, 0.7. To this end, we use the regularization method and
the SVD along with the function estimations and the parameter estimations. The accuracy

of the heat flux solutions are then assessed using the analytic solution shown in

Eq.(4.1.7a).
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Function estimation and parameter estimation
There are two methods for estimating the inverse solutions: a parameter estimation and a
function estimation approach. The function estimation is the method that has no use of
functions. In other words, the function estimation is an estimation approach in an infinite
dimensional space of functions. Therefore, the function estimation is time-consuming and
computationally expensive, but often accurate. On the other hand, in the parameter
estimation, functions such as polynomial functions are used for approximating the

solution. In general, the parameter estimation is expressed in the following linear form:
N
g(t)=Y P.C,(1) (4.1.11)
J=l

where Cj(t), j=1,....,N are known trial functions. The N unknown parameters P; , j=1, ....,
N, are estimated in the inverse calculations. In the parameter estimation, appropriately
chosen trial functions are required to obtain an accurate solution; however, the
calculation time and computer’s memory usage is drastically reduced.

We use four approaches to estimate the heat flux solutions in the above example

problem.

Approach 1. Function estimation (200unknowns)
No function is assumed prior to the calculations. Therefore, each time step has a different
heat flux. Since the number of time step is 200, we find 200 unknown heat fluxes in the
following manner:
qi for 0<¢<0.01

q> for 0.01<¢<0.02
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q200 for 1.99<¢<2.0

Approach 2. Function estimation (20 unknowns)
To reduce the calculation time and also stabilize the inverse calculations, the number of
unknown parameters in approach 1 is reduced to 20 using the following assumption:
q1=4=935=....=q 0 for 0<¢<0.1

qi1=qi12=q13=....=q20 for 0.1<¢<0.2

q191 =q192=4193=....=q200 for 1.9<¢<2.0

Approach 3. Parameter estimation (Cubic polynomial approximation)
Polynomial functions are well-known trial functions to approximate solutions for any
engineering problems. Ozisik (1993) used the cubic polynomial function to approximate
the temperature distribution for the integral methods of the direct heat conduction
problem. His experience has shown that there is no significant improvement in the
accuracy of the solution to choose a polynomial greater than the fourth degree. However,
when the solution contains discontinuities and sharp corners, the polynomial functions
may not be a proper choice for approximating the solution. The reason is obvious. We

use the following cubic polynomial representation to approximate the heat flux solutions:
q=q,+q, Xt +q; X1 +q, %1’ (4.1.12)

where ¢ is time. The parameters, g;, 2, ¢3, ¢4, are found using the inverse calculations.
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Approach 4. Parameter estimation (Prior knowledge of the function)

This time, we assume that the form of the function for the analytic solution is known
prior to the inverse calculations. Since the analytic solution is available in Eq. (4.1.7a),
we use the exponential equation for an approximate solution. Thus, the parameters (g,
g2, q3) are estimated in the following equation:

q =4, +q,exp(q; xt) (4.1.13)
This equation is not a linear form of the parameter estimation shown in Eq. (4.1.11)
because two unknown parameters coexist in the second term in the right hand side of Eq.
(4.1.13). This second term causes the nonlinearity of the inverse calculations. Note that
based on the definition of the nonlinear inverse problem, the sensitivity coefficients have
some functional dependence on unknown parameters g. The sensitivity coefficients are

computed as

L @] _[anw]
’ aq, Ag,

AT,
In the case of Eq. (4.1.13), to compute J,, :{ (a)

Aq,

T
} , the change of g with respect to

the change of ¢, varies with the value of ¢s;. Thus, the sensitivity coefficient Jiy is
dependant on the value of ¢g3. Similarly, the sensitivity coefficient Ji; is dependant on the
value of ¢,. Hence, the parameter estimation with Eq. (4.1.13) will be a nonlinear inverse
problem. In the nonlinear problem, the SVD is not applicable since the SVD is utilized

only for the linear inverse problem.
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Results for example problem 1
Resultswith noinput error (c=0)

First, we consider the case where the sensor temperatures are the same as the
exact analytic solutions (Eq.4.1.9) (6=0). Figure 4.1.7a shows the heat flux solution using
the regularization method for the function estimations (Approach 1 and Approach 2) and
the parameter estimations (Approach 3 and Approach 4). Figure 4.1.7b shows the
corresponding percentage errors to the analytic solution. The function estimation with
200 unknowns (Approach 1) is less accurate than the one with 20 unknowns (Approach
2). Too many unknown parameters are considered to make the calculations unstable. We
also find that the parameter estimation with the exponential function (Approach 4) has
the best accuracy, and the cubic polynomial function has moderate accuracy (Approach
3).

Figure 4.1.8a shows the heat flux solution using the SVD. Figure 4.1.8b shows the
corresponding percentage errors to the analytic solution. Note that the SVD with the
exponential function (Eq.4.1.13) is not applicable (See section of Approach 4). Similar to
the results of the regularization method, the parameter estimation with the cubic
polynomial function is better than the function estimations.

Table 4.1.5 shows the sum of the square errors for each approach of solution with
respect to the regularization method and the SVD. The sum of the square errors is

calculated as
M
S(@)=>19,(0) =4, wpayuc |’ (4.1.14)
=

where M is the number of the time step, gj anayiic 1S the analytic heat flux, and gj(a) is the

computed heat flux. As seen in Table 4.1.5, the accuracy of the heat flux solutions for the
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SVD is largely the same as the regularization method. Thus, the SVD is comparative to

the regularization method when there is no measurement error at the sensors.

Resultswith input data noise 6=0.01

In this case, the sensor temperatures have measurement errors of 6=0.01. Figure
4.1.9a shows the heat flux solution using the regularization method. Figure 4.1.9b shows
the corresponding percentage errors to the analytic solution. Figure 4.1.10a shows the
heat flux solution using the SVD. Figure 4.1.10b shows the corresponding percentage
errors to the analytic solution. Table 4.1.6 shows the sum of the square errors for each
approach of solution with respect to the regularization method and the SVD. As seen
from Fig. 4.1.10a, the heat flux solution of the function estimation with 200 unknowns
(Approach 1) in the SVD exhibits oscillatory behavior. The SVD is comparative to the
regularization method when the parameter estimation with the cubic polynomial function
(Approach 3) and the function estimation with 20 unknowns (Approach 2) are used. The
function estimation with 20 unknowns (Approach 2) works better than 200 unknowns
(Approach 1) in both the regularization method and the SVD. In addition, the parameter
estimations are more accurate than the function estimations.

Figure 4.1.11 shows the error indicators that show the optimal regularization
parameter. Figure 4.1.12 shows the discrepancy principle (DP) for the SVD to choose the
optimal singularity threshold. Note here that the vertical axis means the error indicator,
but not the true errors. The minimum point of each curve shows the optimal
regularization parameter or the optimal singularity threshold chosen by the each method.

The accuracy of the each calculation is assessed and compared using the analytic
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solution. As seen from Fig.4.1.11, the regularization parameters at the minimum points of
discrepancy principle (DP) and the OCV are located close to that of the analytic solution.
Thus, the discrepancy principle (DP), the OCV, and the GCV are the best methods to
choose the optimal regularization parameter. The minimum point of the variance based
on the maximum likelihood method indicates that a=1x10" is an optimal parameter.
However, this value is much smaller than that of the analytic solution. The regularization
parameters selected by ML(a), and its variance, ML,y ignce(0), are smaller than the
optimal regularization parameter. As for the singularity threshold (Fig. 4.1.12), the
minimum points of the DP are located at 1<2.5x10™', which match well with the analytic
solution. Similar results are found for other cases for the regularization parameters and

the singularity threshold values.

4.1.2.2 Example problem 2

We then consider the case where the heat flux solution contains discontinuities
and sharp corners. We use the same geometry as in the example problem 1. This time,
however, no exact analytic solution is available. We consider the diffusion equation

(Eq.4.1.6) in the spatial interval 0.1 < x <1.0 with the following boundary conditions:

1 for 0<¢<0.7

‘2—T 1 2 for 0.7<t<13 at x=0.1 (4.1.152)
~ 1 for 13<t<2
and
T=2 at x=1 (4.1.15b)

Initial conditions are
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T=2 (4.1.16)
First, we solve the above direct problem using the FEM calculations. Because the exact
analytic solution of this problem is not available, we cannot assess the accuracy of the
FEM calculations. But we verified that our FEM calculations were accurate in the
example problem 1. In addition, we choose the same discritization (A=0.01, Ax=0.1, and
a =1) as in the example problem 1. Therefore, the temperature distribution obtained by
the FEM calculations is considered accurate.

In the inverse calculations, the problem formulation is the same as the example
problem 1. That is, we assume that heat flux distribution at x=0.1 is not specified prior to
the calculations. However, the sensor temperatures at x=0.1, 0.4, 0.7 are specified every
0.1 seconds. In this case, the sensor temperatures are found by the FEM calculations
since the exact analytic solution is not available. We use the temperature (Eq.4.1.15b) at
x=1, the initial temperatures (Eq.4.1.16), and the sensor temperatures for our inverse
calculations. Then the heat flux at x=0.1 is found by the regularization method and the
SVD. We use the same approaches for estimating the solution as in the example problem
1, which are Approach 1 and 2 for function estimations and Approach 3 for the parameter

estimation.

Results for example problem 2

Figure 4.1.13 shows the heat flux solution for the regularization method with no
input error (6=0). The figure shows that the function estimations (Approach 1 and 2) are
superior to the parameter estimation (Approach 3). Since the analytic heat flux solution

(Eq. 4.1.15a) contains discontinuities and sharp corners at =0.7 and 1.3, it is
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mathematically impossible to obtain an accurate solution if the cubic polynomial function
is utilized. Tables 4.1.7 and 4.1.8 show the sum of the square errors for the each
approach in 6=0 and 6=0.01 respectively. The regularization method is comparative to
the SVD in all of the solution approaches except for the function estimation with 200
unknowns with the noisy sensor temperatures (6=0.01). This result holds true for the
example problem 1. We also examine the error indicators for the optimal regularization
parameter and the discrepancy principle (DP) for the singularity threshold. The similar

results to the example problem 1 are found.

4.1.3 Heat flux for 3-D spray cooling of electronic components

With the knowledge gained above and the regularization inverse algorithm, we
have studied the inverse heat transfer that occurs during the cooling of a microchip by a
liquid droplet stream sprayed from a nozzle above the microprocessor. Microthermal
sensors were embedded in the microprocessor package at various locations, and readings
are recorded (Figure 4.1.14). The details of the design and experimental setup are given

in a recent paper [Schwarzkopf et al., 2004]. The boundary conditions are as follows:

6_T:0 at x=0, 21mm

ox

a—T=O at y=0, 21mm

Oy

G_T =0 at z=0

Oz

O0<x<42mm,16.8mm < x < 21lmm

h=500w/m in {0<y<42mm, 16.8mm < y <21mm

z=0.15mm
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where h is a heat transfer coefficient. With the measurements and locations known, the
above inverse heat transfer scheme is then applied to determine the heat flux distribution
over the surface (4.2mm<x,y<16.8mm, z=0.15mm) upon which the droplet sprays are
impinged. The inverse heat transfer model is 3-D. The FEM mesh used in the calculation
is shown in Figure 4.1.15. Approximately 30 temperature points are measured in each
case. The heater is located in 8.4mm<x,y<12.6mm, at z=Omm. Note that the number of
sensors and the rate of the heat capacity of the heater vary with the cases. One hundred
unknown parameters for the heat flux are computed in inverse calculations. For this
practical problem, the Levenberg-Marquardt method is not applicable because the proper
values of A’ and A cannot be estimated. The regularization method and the SVD method
are utilized to find the heat flux distribution on the cooling surface. Results from the
regularization method and the SVD method, with both the regularization parameter o and
the singularity threshold 7 determined using the discrepancy principle (DP), give the
same heat flux distribution. Figure 4.1.16, for example, shows the scheme to choose the
singularity threshold. The singularity threshold corresponding to the minimum point is
chosen as an optimal parameter. One typical heat flux distribution calculated by this
algorithm is shown in Figure 4.1.17a. Figure 4.1.17b shows a comparison of the
experimentally measured and inversely computed results for temperature distribution at

the centerline.
4.2 INVERSE DESIGN SOLIDIFICATION PROBLEMS

The regularization method is implemented for the inverse design of solidification

processes. The design problem is set up to find optimal heat flux solutions for controlling
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the solid-liquid interface. The inverse steady-state solidification problems are first
discussed and solved using the function estimation analysis. Then, the inverse transient

solidification problems are solved with the parameter estimation approach.
4.2.1 Steady-state solidification problems

The direct and inverse algorithms described above enable the prediction of solid-
liquid interface shape for a set of given boundary conditions and of the heat flux
distribution along the boundaries for a prescribed interface movement. We consider a
steady-state solidification problem with natural convection in a square cavity. We test
four different cases using the material properties shown in Table 4.2.1. The cavity
geometry and the mesh discretization are shown in Fig. 4.2.1. In addition, gravity force,

9.8 m/s’, is applied downward.

Case 1. Direct Problems

Let us first consider a simple case where solidification occurs in a square cavity

(0<x<0.02m,0<y<0.02m ) under the prescribed conditions along the wall. Quadrilateral

linear elements, 22 x44, are used in each solid region and liquid region (Figure 4.2.1).
The cavity is thermally insulated at the top and bottom. The left wall is fixed at a
constant temperature (T=2280K) above the melting point (T,,=2243.15K), while the right
side wall is fixed at T=2220K. Figures 4.2.2 illustrate the quasi-steady state velocity and
temperature fields in the cavity. For this problem, it is shown that the moving interface is
strongly affected by the convection in the cavity. If the natural convection were not

present, a vertical solidification front would have been achieved.
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Case 2. Inverse calculation: prescribed vertical interface

In this case, the location of the solid-liquid interface is specified as a vertical
straight line. The interest is in the prediction of heat flux distribution required to achieve
this interface. Boundary conditions are the same as those in Case 1 except for the heat
flux at the right side. Theoretically, this means that heat flux distribution is designed and
tuned such that the effect of natural convection on solid-liquid interface is eliminated.
The inverse computational model described above is used to obtain the desired heat flux
distribution at the right side wall. More specifically, we use the regularization method
along with the appropriately selected regularization parameter using the L-curve method.
For this problem, the interface position is set at x= 0.01m from the left wall. We use the
proposed finite difference scheme (Eq. 3.3.20) for computing the sensitivity coefficients
in this case. Since this problem is a nonlinear regularization problem, convergence rates
of the calculations are investigated, which are shown in Figure 4.2.3. We use the
following norm of error of the solidification distance as a convergence criterion:

S, =[f(cz —di)z} (4.2.1)

i=1
where S; is the norm of error of the solidification distance, d; is the calculated
solidification interface distance, d. is the ideal solidification interface distance, and M is
the total number of controlled solidification distance. The figure shows that the smaller
the regularization parameters are, the slower but more accurate the convergence is. The

figure also shows that after the third iteration, the reduction in norm of error is slower.

Thus, we consider that the inverse calculation reaches its convergence in the first three
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iterations. To determine the appropriate parameter o for this problem, simulations are
made to generate the L-curve plots following the procedures described in section 3.3.3.
Figure 4.2.4 plots the L-curve, which clearly shows a turning point in the error chart.
Corresponding to the turning point is the optimal o for this problem. Thus, the
regularization parameter o of 5 X 1072 is chosen for an optimal regularization parameter.
Figures 4.2.5a and 4.2.5b show the inversely calculated heat flux distribution and the
percentage error distribution of solidification distance for this problem. Heat fluxes found
in the regularization parameter are considered to be accurate, because the percentage
errors of solidification distance are very small, which are within +0.2%. The predicted
heat flux distribution varies strongly from the bottom to the top. The temperature
distribution and fluid flow field calculated by this heat flux distribution are plotted in
Figures 4.2.5c and 4.2.5d. It is shown that a vertical solid-liquid interface is achievable
and the natural convection effect is balanced by the inversely determined heat flux

distribution.

Case 3: Inverse calculation: prescribed sine curve

As another example, a solid-liquid interface is specified as a sine curve shown in
Figure 4.2.6. We first compare the proposed finite difference scheme (Eq. 3.3.20) to the
conventional finite difference scheme (Eq. 3.3.16) for computing the sensitivity
coefficients. Figures 4.2.7a and 4.2.7b show the convergence rate for two methods: (a)
the conventional finite difference scheme with A=0.01 and (b) the proposed finite
difference scheme with €=0.01. The figures show that the convergence rate for the

conventional method is unstable and less accurate than the one for the proposed method.
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The regularization parameter o.of 5 X 107" is chosen as an optimal regularization
parameter using the L-curve method for the proposed finite difference scheme (Fig.
4.2.8). The calculated heat flux distribution along the right side wall is depicted in Figure
4.2.9a. The heat flux is distributed in a wide range, and there are four points at which the
heat flux is crossing zero. This heat flux distribution is considered causing the unstable
and inaccurate convergence for the conventional finite difference scheme (Figure 4.2.7a).
Figure 4.2.9b shows the percentage errors between the calculated and prescribed
solidification distance. It is shown that the percentage error between the prescribed
solidification distance and the calculated solidification distance is within +0.15%. This
percentage error is largely the same as in the case2. The calculated fluid flow and
temperature distribution using the inversely determined heat flux distribution are given in
Figures 4.2.9c and 4.2.9d. These figures show that the solid and liquid regions are
separated with the prescribed sinuous interface, and our calculated heat flux distribution

is feasible to control the solid-liquid interface.

Case 4: Inverse calculation: prescribed sharp sine curve

We prescribed another sinuous solid-liquid interface (Figure 4.2.6). This time, the
frequency of the sine curve is double of that of the case 3. That is, this curve has sharper
bending curve than that in the case3. First, we study the convergence rate (Figure 4.2.10)
with respect to different values of the regularization parameter using the proposed finite
difference scheme. When the regularization parameter is less than 1x10™%, the
convergence of the inverse calculation becomes unstable. One of the reasons of the

unstable convergence stems from the infeasible heat flux solution. Figure 4.2.11 shows
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the temperature distribution obtained by using the heat flux solution at the second
iteration of a=1x10"%. This figure shows that the temperature distribution above the
melting point (T,=2234.15K) is observed in the solid region (right side). Since we
specified in the FEM code that the right side is a solid region, this temperature
distribution is not acceptable. That is, the heat flux solution in the calculation is not
practical. This unpractical heat flux distribution is used in the next iteration (third
iteration) for calculating the sensitivity coefficients. The calculation results in
discontinuous sensitivity coefficients. Figure 4.2.12 shows that the sensitivity coefficients

Ji0 in the second iteration of a=1x10"" and 1x10'*. Note that the sensitivity coefficient

i

Jino 1s derived as J, ,, = aai where qa is heat flux located at y=8.864x107m in the right
950

wall, and d; is controlled parameter (solidification distance). There are the discontinuous
sensitivity coefficients for a=1x10"", whereas the sensitivity coefficients for a=1x10""
are continuous. The same holds true for other sensitivity coefficients. The unpractical
heat flux solution leads to the discontinuous values, and ultimately to the unstable
convergence for a=1x10"%. Figure 4.2.13 shows the L-curve plots. These plots do not
form the L-curve shape. Thus, we cannot use the L-curve method to select the optimal
regularization parameter. We select the regularization parameter o of 5x10™'%, where the
sum of the square errors of the solidification distance is minimum. The calculated heat
flux distribution along the right wall is depicted in Figure 4.2.14a. Figure 4.2.14b shows
the percentage errors between the calculated and prescribed solidification interface
distance. The maximum percentage error, 1.5%, in this case is ten times lager than in

case3. This shows that the sharp bending curve for the prescribed solid-liquid interface is
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more difficult for the inverse algorithm to control than the case where the slowly bending
curve is specified. The calculated fluid flow and temperature distribution using the
inversely determined heat flux distribution are given in Figure 4.2.14c and 4.2.14d.
These figures show that the heat flux solution is feasible to obtain the prescribed sinuous

solid-liquid interface.

4.2.2 Transient solidification problems

In this section, an inverse design of solidification processes with natural
convection is solved to find the optimal heat flux solution for the solid-liquid interface
specified to move at a constant velocity. The regularization method along with the L-

curve method is implemented for the inverse design solidification problem.

We address the direct transient solidification problem with convection and briefly
discuss the effects of convection on the solid-liquid interface (Sec. 4.2.2.2). Finally, we
consider the inverse design of solidification processes (Sec. 4.2.2.3). In particular, the
initial conditions of the transient solidification problem is obtained using the inverse

steady-state solidification problem without convection (Sec.4.2.2.1)

In the direct and inverse problems, we consider a solidification process for pure

aluminum confined in a square mold (0 <x<0.02m,0<y<0.02m). The properties of

aluminum are shown in Table 4.2.2. Quadrilateral linear elements, 22 x44, are used in

the solid and liquid phases (Figure 4.2.1).

4.2.2.1 Theinver se steady-state solidification problem without convection
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First, the inverse steady-state solidification problem without natural convection is
solved. The cavity is thermally insulated at the top and bottom. The left wall is fixed at
T=1220K above the melting temperature (T,=933K). The gravity force is not applied.
The locations of the desired solid-liquid interface for the case 1 and case 2 are specified
in Figure 4.2.15. We find the optimal heat flux solution on the right wall required to
achieve the prescribed solid-liquid interfaces. The direct problem is then solved to find
the temperature distributions (Figure 4.2.16). These temperature distributions will be

used for the initial conditions for the transient solidification calculations.

4.2.2.2 Thedirect problem for transient solidification processes with convection

The direct problems for transient solidification processes were studied extensively
in [Shu et al., 2002; Li et al., 2003; Song et al., 2002]. Our objective to present the direct
problem in this paper is to see how much the initial vertical straight solid-liquid interface
moves and deforms at a certain time by the effect of natural convection. The initial
temperatures are given in Figure 4.2.16a. Thus, the solid-liquid interface for the initial
state is located at x=0.015 vertically. The top and bottom walls are kept adiabatic. The
temperature of the left wall is fixed at 1220K, which is above the freezing temperature
(Tw=933K). The right side wall is imposed with heat extraction (q=-4x10° W/m?), which
will cause the solidification to occur. The gravity force, 9.8m/s, is applied downward. A
constant time step A=0.02s is selected with the final time of 0.6s. Figure 4.2.17 shows
the velocity distribution at =0.6s. For this problem, it is seen that the solid-liquid

interface at =0.6s is strongly affected by the convection in the cavity. If the natural
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convection were not present, a vertical solidification front would have been achieved. We

also see that solidification occurs, and the solid-liquid interface moves leftward.

4.2.2.3 Theinver se design of solidification processes

We tested two cases for the inverse design of solidification processes. In the case
1, the initial solid-liquid interface is a vertical straight line located at x=1.5E-2. The case
2 has a sinuous solid-liquid interface in the initial state shown in Figure 4.2.15. Initial
temperatures in the case 1 and case 2 are given in Figure 4.2.16a and 4.2.16b,
respectively. The top and bottom walls are kept adiabatic. The temperature of the left
wall is fixed at 1220K. In addition to the above initial and boundary conditions, we also
desire that solidification occurs with the prescribed growth conditions where a desired
solid-liquid interface moves leftward with a prescribed constant velocity, 1.17x10™m/s.
To this end, we specify the every node points at the solid-liquid interface in every 0.04
seconds for our inverse calculations. Note that the interfacial velocity must be constant
for a non-uniform microstructure in the final casting. The gravity force, 9.8m/s’, is
applied downward. A constant time step At=0.02s is selected with the final time of 0.6s.
Our interest is to find the optimal heat flux distribution on the right wall in order to obtain
a prescribed solid-liquid interface. To evaluate the accuracy of our inverse algorithm, the

standard deviation is utilized in the following equation:

| =

Mo, 2
Z(dij_dii)
o, = "T (4.2.2)
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where M is the number of controlled solidification distance for space. First, we use the
parameter estimation with fourth order polynomial functions for time, ¢, and space, y. We
also use the technique of scaling (See section 3.3.5). Thus, the approximate heat flux

solution is
q=4,(10°x*)+¢,(10°x*) + ¢, (10* x*) + ¢,(10° x) +
7:(10* 1) + g, (10° %) + ¢, (10> %) + g, (10¢) + g, (4.2.3)

The parameters, q;, q2, 43, 44, 45, 46, 47, s> 9, are found in the regularization method
with the L-curve method. If this inverse problem were solved in the function estimation
(without using the function approximation), the number of unknowns would be 1,320
because there would be 44 unknowns for space and 30 unknowns for time. Thus, the
parameter estimation with the polynomial function results in the significant reduction of

the calculation time and computer memory.

We first examine the convergence for the non-linear regularization method.
Figure 4.2.20 shows the convergence rates with respect to different values of the
regularization parameter. Two iterations are enough for the regularization method to
converge the calculations. Figure 4.2.19 shows the L-curve plots for this problem. There
is a convex point located at a=1x107?. Thus, we select 1x10™** as an optimal
regularization parameter. Figure 4.2.20 shows that the heat flux solution using a=1x10"*,
Figure 4.2.21 is the standard deviation ¢ (Eq. 4.2.2) in each time step by using the heat
flux solution. As seen from the figure, the error reaches the lowest point at /=0.28 and
then shoots up until final time. Figure 4.2.22 shows the percent errors of the solidification

distance at /=0.6s. The maximum percent error at =0.6s is 5 %. Since only nine unknown
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parameters for the polynomial functions are solved, the heat flux distribution (Figure
4.2.20) found by the regularization method is a smooth and simple curve. To control the
solid-liquid interface accurately, more complex curve of the heat flux distribution needs
to be obtained. To this end, we use the sequential method and the whole time-domain
method with the piecewise polynomial functions. These two methods make the inverse

calculations more accurate, but time-consuming.

4.2.2.4 Sequential method

Due to the diffusion time between the boundary and the interface, it is critical to
choose appropriate time domain for the sequential method. After doing numerical
experiments, we found that 0.2 seconds was enough time to calculate the optimal heat
flux solution. Thus, we divide the time domain into three parts. The first time domain
ranges from 0 to 0.2s followed by the second time domain (0.2s <7<0.4s) and the third
time domain (0.4s <t<0.6s). Each domain is calculated independently by using the
regularization method. Thus, three calculations of the regularization methods are solved
in a sequential manner. At the boundaries of the time domains (=0.2s and 0.4s), the
temperature and velocity distributions are carried over to the next time domains. That is,
the temperature and velocity distributions at =0.2s calculated in the first time domain are
used for the initial conditions in the second domain. The same holds true for the
conditions at =0.4s for the second and third time domains. The following fifth-order
scaled polynomial functions for time and space are used to find the optimal heat flux

distribution:
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q=q,(10"x") +¢,(10°x*) + ¢, (10* x*) + ¢, (10” x) +
q;(10° ) + g, (10° ) + ¢, (10° %) + g, (10¢) + ¢, 4.2.4)

where 0<x<0.02,0<¢<0.2. Nine unknown parameters, q;, 42, 43, 94, 45, 46> 47> 48> 9,
are computed in the inverse calculations for the each time domain. Thus, totally 36

unknown parameters are solved in the sequential method.

4.2.2.5 Whole time-domain method with piecewise polynomial functions

The piecewise polynomial functions are used to find the optimal heat flux
solution. In the whole time-domain method, the following scaled piecewise polynomial

functions are used:
q= qi(108x4) + qi+1(106x3) + q,+2(104x2) + qH}(lOzx) +
4,..[10*t—a)* |+ 4, 10° = @)* ]+ 4, 10* 1~ @)* |+ g, . 10 — )]+, (4.2.5)
i=1,a=00<¢r<02

where 0<x<0.02, <i=10,a=0.2,02<¢t<0.4
i=19,a4=04,04<t<0.6

In the above equation, 36 coefficients of the polynomial function, q;, qa, ...., 36, are
solved by the regularization method. Note that we use the same-scaled function as in the
sequential method using Eq. (4.2.4). Thus, when the whole time-domain method is

compared to the sequential method, the effect of scaling is neglected.

4.2.2.6 Convergencerate
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We first examine the convergence for the sequential method and the whole time-
domain method of the calculations of the regularization method. Figures 4.2.23 and
4.2.24 show the convergence rates for the first time domain in the case 1 for the
sequential method and for the whole time-domain method with the piecewise polynomial
function, respectively. In the sequential method, the calculations of the regularization
method reach the convergence in the second iteration. The whole time-domain method

needs as little as three iterations to reach the convergence.

4.2.2.7 L-curve method

To find an optimal regularization parameter, the L-curve method is used for our
calculation. Figure 4.2.25 shows the L-curve plots for the first time domain of the
sequential method in the case 1. Figure 4.2.26 shows the L-curve plots for the whole
time-domain method with the piecewise polynomial function in the casel. These figures
show the turning points, which are considered the optimal regularization parameters. The
regularization parameters, a=1x10* and 1x10%, are selected in the sequential method
and the whole time-domain method, respectively. For other cases, the L-curve plots are

also taken, and the optimal regularization parameters are chosen in the same manner.

4.2.2.8 Optimal heat flux solutions

Using the optimal regularization parameter found in the L-curve method, the
optimal heat flux solutions are found for the case 1 and case 2 in both the sequential

method and the whole time-domain method with the piecewise polynomial function.
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Figures 4.2.27a and 4.2.27b show the optimal heat flux solutions in the case 1 for the
sequential method and the whole time-domain method. These heat flux solutions are
almost identical. Figures 4.2.28a and 4.2.28b show the optimal heat flux solution in the
case 2 for the sequential method and the whole time-domain method. As seen from the
figures, the heat flux solution for the whole time-domain method is almost identical to the
heat flux solution for the sequential method. Since we divide the time domain for the heat
flux solution into three parts, we have non-smooth functions with kinks for the heat flux

distribution at the boundaries of the time domain (t=0.2s, 0.4s).

4.2.2.9 Validation of the inverse design solutions and comparison of the sequential

method and the whole time-domain method

Figures 4.2.29 (a) and (b) show time history of the standard deviation ¢ (Eq.
4.2.2) for the error of the solidification distance in the case 1 and case 2, respectively.
The standard deviation in the earlier time stage of each time domain (t=0.2,0.4s) is found
to be less accurate in the sequential method. This is because the heat flux on the right
wall diffuses toward the solid-liquid interface, and the diffusion time is required for a
thermal front to penetrate the solid domain and reach the solid-liquid interface. Thus, it is
physically difficult to control the solid-liquid interface immediately after the initial time.
The error of the whole time-domain method with the piecewise polynomial functions is
more damped and slightly accurate than that of the sequential method. Overall, the
standard deviations for the error of distance in both the sequential and the whole time-
domain method are small enough to consider that our inverse algorithm is reasonably

accurate to control the solid-liquid interface. Figures 4.2.30 is the percent errors of the

82



solid-liquid distance at =0.6 for the sequential method for casel. The percent errors of
the sequential method are ten times smaller than in the whole time-domain method with
nine unknowns (Figure 4.2.22). Figure 4.2.31 shows percent errors of the solidification
distance at /=0.6 for the whole time-domain method in the case 2. The percent errors are
less than 1%. Figures 4.2.32 and 4.2.33 show the velocity and temperature distributions at
t=0.2, 0.4, 0.6 in the case 1 and case 2 for the sequential method by using the optimal
heat flux distributions. The cold temperature distributions are shown at the upper right
corner to eliminate the effect of natural convection. We also find that the solid-liquid

interface moves leftward at a constant velocity as we specified in our calculation.
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Figure 4.1.1. Illustration of the 2-D inverse heat conduction problem.
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Figure 4.1.14. Schematic of spray cooling of electronics.
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Figure 4.1.15. The FEM mesh used for the analysis of the spray cooling.
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Figure 4.1.16. Discrepancy principle determination of the singularity threshold for the
truncated SVD method, which is used for the inverse prediction of heat
flux distribution in spray cooling of electronics.
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Figure 4.2.2. Direct solution of the solidification problem: (a) Velocity distribution. (b)
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solidification interface shape. Boundary condition used: 2280 K at the left
wall and 2220K at the right wall. The melting point is 2243.15 K.
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Figure 4.2.4. L-curve plots for case2. The regularization parameter o of 5 x 107 is
selected.
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Figure 4.2.5. Inverse solution of solidification problem for case2. The interface position
is prescribed as a vertical line at x=0.01. Other conditions are the same as in
Figure 4.2.2. (a) Inversely predicted heat flux distribution. (b) Percentage
errors in interface positions. (¢) Velocity distribution and (d) Temperature

distribution.
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Figure 4.2.7. Norm of error of the solidification distance versus the number of iteration
with respect to the regularization parameters (a) The conventional finite
difference scheme (b) The proposed finite difference scheme
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Figure 4.2.8. L-curve for case 3 using the proposed finite difference scheme for the
sensitivity coefficient.
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Figure 4.2.9. Inverse solution of solidification problem for case3. The interface position
is prescribed as a sine curve (Figure 4.2.6 case3) Other conditions are the
same as in Figure 4.2.2. (a) Inversely predicted heat flux distribution. (b)
Percentage errors in interface position. (c) Velocity distribution and (d)
Temperature distribution.
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Figure 4.2.11. Temperature distribution by using the heat flux solution at the second
iteration of a=1E-18. The infeasible temperature distribution is observed
in the right corner.
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Figure 4.2.13. L-curve plots for the case 3 using the proposed finite difference scheme for
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Figure 4.2.14 Inverse solution of the solidification problem for the case 4. The interface

position is prescribed as a sharp sine curve Other conditions are the same as

in Figure 4.2.2. (a) Inversely predicted heat flux distribution. (b) Error in
interface position.

(c) Velocity distribution and (d) Temperature
distribution.
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Figure 4.2.16. Temperature distributions for the inverse steady solidification problem for

(a) the casel and (b) the case2. These temperature distributions will be
initial conditions for the transient calculations.
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Figure 4.2.17. Velocity distribution at t=0.6s for the direct solidification problem. The
initial solid-liquid interface was located at Xx=1.5E-2m vertically.
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Figure 4.2.19. L-curve plots for the whole time-domain method with 9unknows.
a=1E-22 is selected for the optimal regularization parameter.
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Figure 4.2.21. Standard deviation for the whole time-domain method with 9 unknowns
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Figure 4.2.22. Percent errors of the solidification distance at t=0.6 for the whole time-
domain with 9 unknowns
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Figure 4.2.23. Convergence rate for the first time domain in the case 1 for the sequential
method
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Figure 4.2.24. Convergence rates for the case 1 for the whole time-domain method
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Figure 4.2.25. L-curve plots for the first time domain in the case 1 for the sequential
method. The regularization parameter o=1E-24is selected for the
optimal solution.
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regularization parameter a=1E-25 is selected for the optimal solution.
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Figure 4.2.27.0ptimal heat flux solutions in the case 1 for (a) the sequential method and

(b) the whole time-domain method with the piecewise polynomial
function.
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Figure 4.2.28. Optimal heat flux solution in the case 2 for (a) the sequential method and (b) the
whole time-domain method with the piecewise polynomial function
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Figure 4.2.31. Percent errors of the solid-liquid distance at t=0.6 for the whole time-domain
method for the case2
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Table 4.1.1 Input heat generation and heat flux at x=Im

Heat generation (W/m®) Heat flux (W/m?) at x=1m
Casel 0 100
Case2 1 95
Case3 100 50

Table 4.1.2 The regularization parameters chosen in each method and the
corresponding least square error for the 2-D problem

o annalytic ~ Ueomputed H2
Analytic 3.52X10°® 7.17x10"
DP 1.44x10® 8.59x10"
ocVv 2.42x10™ 1.25x10?
GCV 1.55x10™ 1.43x10?
ML 8.51x10° 6.33x10°
ML-variance 1.06x10° 4.34x10°
L-curve 5.07x10° 3.48x10°
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Table 4.1.3 Behavior of the Levenberg-Marquardt method using the More’s
implementation for axisymmetric over-specified problems: m=36,
6=0.05

Iteration n A [Py [T =T o}~ {Ocarpurss

1 6.187E-01 3.300E+00 3.300E+00 2.683E+00 3.554E+00
2 6.518E-01 1.650E+00 1.650E+00 1.434E+00 1.907E+00
3 7.183E-01 8.250E-01 8.250E-01 8.244E-01 1.086E+00
4 8.517E-01 4.125E-01 4.125E-01 5.388E-01 6.810E-01
5 1.120E+00 2.063E-01 2.063E-01 4.126E-01 4.844E-01
6 1.656E+00 1.031E-01 1.031E-01 3.589E-01 3.906E-01
7 2.732E+00 5.156E-02 5.156E-02 3.357E-01 3.461E-01
8 4.884E+00 2.578E-02 2.578E-02 3.253E-01 3.247E-01
9 9.188E+00 1.289E-02 1.289E-02 3.204E-01 3.143E-01
10 1.780E+01 6.445E-03 6.445E-03 3.181E-01 3.092E-01
11 3.502E+01 3.223E-03 3.223E-03 3.169E-01 3.067E-01
12 6.946E+01 1.611E-03 1.611E-03 3.164E-01 3.054E-01
13 1.383E+02 8.057E-04 8.057E-04 3.161E-01 3.048E-01
14 2.761E+02 4.028E-04 4.028E-04 3.159E-01 3.044E-01
15 5.516E+02 2.014E-04 2.014E-04 3.159E-01 3.043E-01
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Table 4.1.4 The regularization parameters chosen in each method and the

corresponding least square error for the axisymmetric problem

o annalytic ~ Oeomputed H2

Analytic 1.59X10% 1.66x10™"
DP 1.16x10% 1.73x10™"
ocv 4.50x10° 3.06x10"
GCV 4.05x10° 3.33x10*
ML 3.23x10* 4.19

ML-variance 1.91x10™* 8.23

L-curve 3.64x107° 3.63x10™
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Table 4.1.5 Sum of square errors in calculated heat flux values in 6=0 for
example problem 1

Regularization SvD
Approach 1 0.24985 0.36176
Approach 2 0.13214 0.13214
Approach 3 0.06138 0.06138
Approach 4 0.01602 N/A

Table 4.1.6 Sum of square errors in calculated heat flux values in
6=0.01for example probleml

Regularization SVvD
Approach 1 2.38464 119.978
Approach 2 0.35157 0.35157
Approach 3 0.06349 0.06349
Approach 4 0.01695 N/A
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Table 4.1.7 Sum of square errors in calculated heat flux values in c=0for
example problem?2

Regularization SvD
Approach 1 0.22678 0.22717
Approach 2 1.11153 1.11153
Approach 3 24.4941 24.5335

Table 4.1.8 Sum of square errors in calculated heat flux values in 6=0.01for
example problem?2

Regularization SVvD
Approach 1 3.08138 125.073
Approach 2 1.37455 1.37812
Approach 3 24.4729 24.4953
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Table 4.2.1 Thermal properties used in the example problem

Symbol Value Units
Heat conductivity in solid Ks 10 W/mK
Heat conductivity in liquid Ky 5 W/mK
Specific heat in solid Cs 390 J/kgK
Specific heat in liquid CL 1000 J/kgK
Latent heat H 1.97x10° J/kg
Density p 4300 kg/m?
Viscosity n 0.04 Ns/m?
Thermal expansion coefficient B 2.70x10° 1/K
Melting temperature Tm 2243.15 K
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Table 4.2.2 Thermal properties of aluminum

Symbol Value Units
Heat conductivity in solid Ks 218 W/mK
Heat conductivity in liquid Ky 100 W/mK
Specific heat in solid Cs 897 J/kgK
Specific heat in liquid CL 897 J/kgK

Latent heat H 3.97x10° Jlkg
Density p 2700 kg/m?®
Viscosity n 3.39x10° Ns/m?

Thermal expansion coefficient B 2.25x10° 1/K

Melting temperature Tm 933 K
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CHAPTER FIVE
CONCLUSIONS

In this section, the conclusions of the inverse heat conduction problems and the

inverse design solidification problems are addressed.

5.1 INVERSE HEAT CONDUCTION PROBLEMS

This paper presented a numerical study on inverse heat conduction problems.
Three different methods, the Tikhonov regularization method, the SVD method, and the
Levenberg-Marquardt method, were discussed and their performance was assessed
comparatively. Five different schemes for choosing an optimal regularization parameter
o for inverse heat transfer calculations were also discussed and evaluated using 2-D
steady-state heat conduction cases. In addition, parameter estimation and function
estimation were discussed using 1-D transient heat conduction problems. It is found that
the discrepancy principle (DP) gives the best estimate of o based on the testing of the 2-
D problems with various conditions. The ML method is very stable but always estimates
smaller regularization parameters than in the analytic solution. The L-curve method is
similar to the ML method. In many cases, the OCV and GCV perform well, but not as
good as the DP; in afew cases, however, they specify more than one parameter. Based on
the regularization case studies, the DP was used to estimate the singularity threshold
value for the SVD method, and good results were obtained for all the cases studied. For
all the cases tested except the simple cases, the Levenberg-Marquardt method with the
Ozisik’s implementation did not perform well; however, the method with the More's

implementation has the same accuracy of the regularization method if the trust-region
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radius is carefully chosen. For the cases studied, the truncated SVD method with the
threshold value determined by the DP appears to be the best, although in many cases it
gave results very comparative with the regularization method. As for the cases studied in
the 1-D transient problems, the parameter estimation is superior to the function
estimation when the optimal heat flux solution has a smooth curve. On the other hand,
when the heat flux solution contains discontinuities and sharp corners, the function
estimation is superior to the parameter estimation. The inverse algorithms were also
applied to estimate the heat flux experienced due to droplet spray cooling of a
microelectronic processor. The truncated SVD and regularization methods give almost

identical results.

5.2 INVERSE DESIGN SOLIDIFICATION PROBLEMS

This paper also presented a computational algorithm for the inverse steady-state
solidification problem and the inverse design of solidification processing systems. The
algorithm entails the use of the Tikhonov regularization method, along with an
appropriately selected regularization parameter based on the L-curve method. The direct
solution of the moving boundary problem was solved using the deforming finite element
method. The direct and inverse formulations were presented. The new finite difference
scheme for determining the sensitivity coefficients was aso proposed in the inverse
steady-state solidification problems. The determination of the optimal regularization
parameter o using the L-curve method was also given. The design agorithm was applied
to determine the appropriate boundary heat flux distribution to obtain prescribed solid-

liquid interfaces in a 2-D cavity. The whole time-domain method and the sequential
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method were used to approximate the optimal heat flux solutions in the inverse design of
solidification processes. Based on the cases studied, the proposed finite difference
scheme is superior to the conventional finite difference scheme in determination of the
sensitivity coefficients for the inverse steady-state solidification problems. The results of
the inverse design of solidification processes show that the sequentiad method is
comparative to the whole time-domain method if the diffusion time between the
boundary and the interface is carefully considered. We also find that the L-curve based
regularization method is reasonably accurate for both the inverse steady-state

solidification problem and the inverse design of solidification processing systems.

135



BIBLIOGRAPHY

Allen, D. M., “The relationship between variable selection and data augmentation and a
method for prediction”, Technometrics, Vol.16 (1974) 125-127.

Barnett, S., “Matrices: Methods and Applications”, Oxford University Press, 1990.

Bartoszynski, R., “Probability and statistical inference”, Wiley, 1996.

Beck, J. V., Blackwell, B., and St. Clair, C. R., “Inverse heat conduction, Ill-posed
problems”, Wiley-Interscience, New York, 1985.

Beck, J. V. and Blackwell, B., “in Handbook of Numerical Heat Transfer”, Minkowycz,
W. J., Sparrow, E. M., Schneider, G. E., and Pletcher, R. H., Wiley-Interscience,
New York, (1988) 787-834

Cui, X. and Li, B.Q., “A Parallel Galerkin Boundary Element Method For Surface
Radiation And Mixed Heat Transfer Calculations In Complex 3-D Geometries”,
International Journal for Numerical Methods in Engineering, 61 (2004) 1-25.

Demoment, G., “Image reconstruction and restoration: Overview of common estimation
structures and problems”, IEE transactions on acoustics, speech, and signal
processing, Vol. 37 (1989) 2024-2036.

Dulikrabich, G. S., Colaco, M. J., Martin, T. J., and Lee, S., “An inverse method allowing
user-specified layouts of magnetized microfibers in solidifying composites”, J.
Composite Materials, Vol.37 (2003) 1351-1365.

Fletcher, C. A. J., “Computational Techniques for Fluid Dynamics”, Springer-Verlag,
1991.

Fortier, N., Demoment, G., and Goussard, Y., “GCV and ML methods of determining
parameters in image restoration by regularization: Fast computation in the spatial
domain and experimental comparison”, Journal of visual communication and
image representation, Vol. 4 (1993) 157-170.

Galatsanos, N. P. and Katsaggelos, A. K., “Methods for choosing the regularization
parameter and estimating the noise variance in image restoration and their
relation”, IEEE Transactions on image processing, Vol. 1 (1992) 322-336.

Golub, G. H., Heath, M., and Wahba, G., “Generalized cross-validation as a method for
choosing a good ridge parameter”, Technometrics, Vol. 21 (1979) 215-223.

136



Hale, S. W., Keyhani, M., and Frankel, J. 1., “Design and control of interfacial
temperature gradients in solidification”, I. J. Heat and Mass Transfer 43 (2000)
3795-3810.

Hansen, P. C. and O’Leary, D. P., “The use of the L-curve in the regularization of
discrete ill-posed problems”, SIAM J. Sci Comput. Vol. 14 (1993) 1487-1503.

Hollingsworth, K. G. and Johns, M. L., “Measurement of emulsion droplet sizes using
PFG NMR and regularization methods”, J. colloid and interface science, 258
(2003) 383-3809.

Horacek, B. M. and Clements, J. C., “The inverse problem of electrocardiography: A
solution in terms of single- and double-layer sources on the epicardial surface”,
Mathematical biosciences, 144 (1997) 119-154.

Johnson, C. R. and MacLeod R. S., “Adaptive local regularization methods for the
inverse ECG problem”, Progress in Biophysics & Molecular Biology 69 (1998)
405-423.

Kang, S. and Zabaras, N., “Control of the freezing interface motion in two-dimensional
solidification processes using the adjoint method”, I. J. Numer. Meth. Engng. 38
(1995) 63-80.

Kim, S. K., Jung, B. S., Kim, H. J., and Lee, W., “Inverse estimation of thermophysical
properties for anisotropic composite”, Experiment Thermal and Fluid Science, 27
(2003) 697-704.

Kitagawa, G. and Gersch, W., “A smoothness priors long AR model method for spectral
estimation”, IEEE transactions on automatic control, Vol.AC-30 (1985) 57-65.

Fitzpatrick, B. G., “Bayesian analysis in inverse problems”, Inverse problems 7 (1991)
675-702.

Krishnan, M. and Sharma, D. G. R., “Determination of the interfacial heat transfer
coefficient in unidirectional heat flow by Beck’s non linear estimation
procedure”, I. Comm. Heat Mass Transfer, Vol. 23, No.2 (1996) 203-214.

Li, K., Li, B. Q., and de Groh, H. C., “Numerical analysis of double-diffusive
convection/solidification ~ under  g-jitter/magnetic  fields”,  Journal of

Thermophysics and Heat Transfer, Vol. 17, No.2 (2003) 199-209.

137



Marin, L. and Lesnic, D., “BEM first-order regularization method in linear elasticity for
boundary identification”, Comput. Methods Appl. Mech. Engrg. 192 (2003) 2059-
2071.

Martin, T. J. and Dulikravich, G. S., “Inverse determination of boundary conditions and
sources in steady heat conduction with heat generation”, Transaction of the
ASME Vol. 118 (1996) 546-554.

More, J. J., “The Levenberg-Marquardt algorithm implementation and theory”, in Lecture
Notes in Mathematics, No. 630, Numerical Analysis, G. Watson, ed., Springer-
Verlag, (1978) 105-116

Morozov, V. A., “Methods for Solving Incorrectly Posed Problems”, Springer-Verlag,
New York, 1984.

Nagle R. K. and Saff, E. B., “Fundamentals of Differential Equations & Boundary Value
Problems”, Addison-Wesley, Reading, MA, 1993.

Nocedal, J. and Wright, S. J., “Numerical optimization”, Springer-Verlag, New York,
1999.

Okamoto, K. and Li, B. Q., “Optimal regularization methods for inverse heat transfer
problem” ASME Summer Heat Transfer Conference, Charlotte, NC, CD ROM,
July, 2004.

O’Mahoney, D. and Browne, D. J., “Use of experiment and an inverse method to study
interface heat transfer during solidification in the investment casting process”,
Experimental Thermal and Fluid Science, 22 (2000) 111-122.

Ozisik, M. N., “Heat conduction”, John Wiley &Sons, New York, 1993.

Ozisik, M. N. and Orlande, H. R. B., “Inverse heat transfer”, Taylor &Francis, New
York, 2000.

Pitman, J., “Probability”, Springer-Verlag, New York, 1993.

Reginska, T., “A regularization parameter in discrete ill-posed problems”, SIAM J. Sci.
Comp Vol. 17 (1996) 740-749.

Ruan, Y., “Analysis of temperature fields and thermal stresses in solidifying bodies using

the finite element method”, Ph.D. thesis, University of Minnesota, 1990.

138



Sawaf, B., Ozisik, M. N., and Jarny, Y., “An inverse analysis to estimate linearly
temperature dependent thermal conductivity components and heat capacity of an
orthotropic medium”, Int. J. Heat Mass Transfer, Vol. 38 (1995) 3005-3010.

Schwarzkopf, J., Cader, T., Okamoto, K., Li, B. Q., and Ramaprian, B., “Effect of spray
angle in spray cooling thermal management of electronics”, ASME Summer Heat
Transfer Conference, Charlotte, NC, CD ROM, July, 2004.

Shu, Y., Li, B. Q., and de Groh, H. C., “Magnetic damping of g-jitter induced double
diffusive convection in microgravity”, Numerical Heat Transfer, Vol. 42, No.4
(2002) 345-364.

Song, S. P. and Li, B. Q., “A hybrid boundary /finite element method for simulating
viscous flows and shapes of droplets in electric fields”, I. J. of Computational
Fluid Dynamics, Vol. 15, No. 1 (2002) 125-144.

Tautenhahn, U. and Jin, Q., ”Tikhonov regularization and a posteriori rules for solving
nonlinear ill posed problems”, Inverse problems 19 (2003) 1-21.

Trujillo, D. M. and Busby, H. R., “Optimal regularization of the inverse heat-conduction
problem”, J. Thermophysics, Vol.3 (1989) 423-427.

Wahba, G., “A comparison of GCV and GML for choosing the smoothing parameter in
the generalized spline smoothing problem”, Annals of Statistics, Vol.13 (1985)
1378-1402.

Xu, R. and Naterer, G. F., “Inverse method with heat and entropy transport in
solidification processing of materials”, J. Materials Processing Tech. 112 (2001)
98-108.

Yagola, A. G., Leonov, A. S., and Titarenko, V. N., “Data errors and an error estimation
for ill-posed problems”, Inverse problems in engng, vol. 10, No. 2, (2002), 117-
129

Yang, G. Z. and Zabaras, N., “An adjoint method for the inverse design of solidification
processes with natural convection”, I. J. Numer. Meth. Engng. 42 (1998) 1121-
1144.

Yoon, S. H. and Nelson, P. A., “Estimation of acoustic source strength by inverse
methods: part [I, Experimental investigation of methods for choosing

regularization parameters”, J. sound and vibration 233(4) (2000) 669-705.

139



Zabaras, N., “Inverse finite element techniques for the analysis of solidification process”,
I. J. Numer. Meth. Engng. 29 (1990) 1569-1587.

Zabaras, N. and Kang, S., “On the solution of an ill-posed design solidification problem
using minimization techniques in finite and infinite-dimensional function spaces”,
L. J. Numer. Meth. Engng. 36 (1993) 3973-3990.

Zabaras N. and Nguyen, T. H., “Control of the freezing interface morphology in
solidification process in the presence of natural convection”, 1. J. Numer. Meth.

Engng. 38 (1995) 1555-1578.

140



APPENDIX A

DERIVATION OF MAXIMUM LIKELIHOOD METHOD

In this appendix, we show that maximizing L({T}/{q},c*) in Eq. (3.2.20) yields

Eq. (3.2.21), and is equivalent to minimizing Eq. (3.2.22). The integrand in Eq. (3.2.20)

is equal to
p({T/iq,0) plia}/ a0 = C— ) -defof1]]"?
-exp " }
.ex (! } (A.1)
p_ 20° .
where
(@ = (U7 1+ 1) DY [T = T({ao 3] (A2)
[A(@)] = (I D1+ eI '] (A3)

R(a) = [{T} - {T({q, D} [ - AT} - (T(dq, D] (A4)

Integrating Eq. (A.1), we have

LUT} a,0%) =
) detfam]" - det[177 (7] + oq1]] exp{_ R(f‘)} (A.5)
2o 20
where the following relation has been used,
ICXP{— —({x} = )" [DI" ({x} - {n})}d det[ 1" (A.6)

Taking the logarithm of both sides of Eq. (A.5) yields
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log(L({T}/ a,c%)) = (#) log(27c?) +

log(det[a[ 11" (det[[ 17 [1]+ af1]) "> - (2;2 jR(a) (A7)

Taking the derivative of Eq. (A.7) with respect to o” and setting it equal to zero, one has
o =() R(@) (AS)
v .

The above o” is proposed as the estimate of the noise variance. Substituting Eq. (A.8) into
Eq. (A.5)
LT} a,0%) =

M M2 1/2 T -2 _M
(m) det[a[1]]* det[177 (77 + a1]] " - exp( > (A.9)

To maximize Eq. (A.9) with respect to o, we consider the following function:

1 e 12 r 172
ML (@) = {m} det[e[1]]"* det[17[7]+ a[1]] (A.10)
With the relations,
det|[J7 1+ o] = detB([I} - [J][A])} (A.11)
and
det a[I]=a (A.12)

Eq. (A.10) is expressed by

[det([I]—[J][A])l/M]}M/Z (A.13)

W SR

Maximizing the likelihood function (A.13) can be obtained by minimizing the following

equation,
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R()
ML, () = S
(@) {[det([l] —AD]YM }

[T} = (T(a, D3] (M -DTA@D[{T} - {T({q, })}]
(det[[1] - [I][A(a)])"™

(A.14)
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APPENDIX B

DERIVATION OF OCV AND GCV

In this appendix, the derivation of OCV and GCV function is shown. To do that,

we write the cost function given by Eq. (3.2.23) as

Soe k) =[Twy—m] [Ty -]+ aie @ @D
where the vector of the measured temperature {7 (k)} is given by

T =1 Tos o T (k). Ty Ty ] (B2)

The solution that minimizes Sy( ¢, k) is given by

fa(ek)y = [0 01+ atnl) 07 (TR0} T ({go D) (B.3)
We write the vector of estimated temperature as

{T(a. )} =T Ha(er, k)} +{T({q, )} =

IO 91+ o191 (T ()} = {T(go DD + T ({g, 1)}

=[B(@)]I({T(k) — {T({q,)}) + {T({q, )} (B.4)
where the matrix [B(a)] is given by [JI([J]" [J]+a[I])'[J]". This relationship, when
written in full, takes the form

_T1(a,k)_ bll blz blM T]_T01 Ty,
T,(a,k) T,

by by - by

Tk(a,k) bkl bkz bkm Tk(aak)_TOk TOk

_TM(a,k)_ _bM1bM2"'bMM TM_TOM i TOM
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where b;; are the components of matrix [B(«)]. From Eq. (B.3), the corresponding set of

estimated temperature can be written as,

{T(e)} =[I{a(@)} + {T({q, 1)} = [B@)IUT} — {T({q, )N +{T({q,})} . (B.6)
When written in full, this relationship can be expressed as
_T1(a) | _bn by, ... by __ﬁ_T01 | _Tm ]
T,(@) by by - by, | T, =T, Ty,
N o (B.7)
T () by by =+ by, | T, =T, Tos
_TM(a)_ _lesz"'bMM __TM—TOM_ _TOM_

From the above two matrix expressions a relationship between 7; (o, k) and T} (o)

obtained. It follows that

Tk(a:k):bkl(ﬁ_T01)+bk2(]TZ —Tp)+---

+by (T (k) =Ty )+ + by, (Ty, =Ty )+ Ty, (B.8)
and also that
T (@) =by (T, = Ty)) + by (T, = Tpy) +-+
by (T, =Ty )+ + by (Tyy = Tou )+ Ty, (B.9)
Taking the difference between these two equations then shows that
A-5,)T,(a,k)=T,(x)-b,Y, (B.10)
It therefore follows, after some algebra, that
M (B.11)

T —T (ak)=
Tah =
This enables the expressions for the ordinary cross-validation function Vy(«) given by

equation (3.2.24) to be written as
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_13[@-L@)|
Vo(a)—MkZ_:,{ =6 } (B.12)

Substituting Tx( &) from Eq. (B.6), we may write Eq. (B.12) as
V,(a)= ﬁum(m ~[B({T} —{T({ao)))| (B.13)

where [C] is the diagonal matrix whose entries are 1/(1-bx). Note that V() is not a
function of either {q} to be restored or the noise but a function of [J] the sensitivity
matrix, { T } the measured temperature and o the regularization parameter.

The singular value decomposition (SVD) of the matrix [J] gives the relationship

{T }=1{q}+{T({qo})}+{e} in the form

{T} =[UISIIV]" {@} + {T({q, })} + {e} (B.14)
Since the unitary matrix [U] has the property [U]'[U]=I, pre-multiplication of Eq. (B.14)
by [U]" results in

[UT"{T} =[SI[V]" {a} +[U" {T({q, 1)} +[U]" {e} (B.15)
This equation describes the relationship between the “transformed" temperature
(T} =[UT]{T} and the “transformed" heat flux {q}=[V]" {q}as described in [Barnett,

1990]. This equation is further transformed by pre-multiplication by the matrix [W],
which has the ikth entry given by

Wy =M 12, M (B.16)

M
where j=+/—1. The matrix [W] is a unitary matrix ((W]'[W]=[I]). Premultiplying [W],
Eq. (B.15) becomes

[WILUT" {T} = [WISI[VI" {q} +[WIIUT" {T({q,})} +[WILUT" {e} (B.17)
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The transformed model is thus written as
{Trans} = U rans Hrans } + TG0} trams § + {Erams (B.18)
where {T,,,}=[W]U]" (T} is the vector of transformed measured temperature,
Qpost =[WI[V]"{q} is the vector of transformed source strengths,
{€,ust =[W][U]"{e} is the vector of transformed noise components and
[ rans 1= [WIISTIW]" .
The procedure adopted by Golub et al. (1979) is then to apply ordinary cross-
validation to this transformed model. Firstly, the transformed influence matrix [Byuans] 18

defined by [Buans] = [J 0 1 s 1 13 s 1+ @[1D ' [J ... 1" - Replacing the terms by terms

with those subscripted by trans in the ordinary cross-validation function (i.e. Eq. (B.13))
and noting that [By.,] is a circulant matrix and thus its diagonal terms are the same and

constant, we can write the generalized cross-validation function as

_ (I/M)H([I] - [Btrans ])( {Ttrans} - {Ttrans({qo})})uz

,
@ [(1/A) (1)~ B, D]

(B.19)

where 77 denotes the trace (sum of diagonal entries) of a matrix. By expressing V() in
terms of the eigenvalues of [B4.s] and noting that these are the same as the eigenvalues
of [B(a)] also, the generalized cross-validation function can be written as

_ (|- [BHUT ~ T

V() >
[(1/ M) Tr([1]-[BD)]

(B.20)

In comparison with Eq. (B.12), we see that the general cross-validation function V(o) is a

weighted version of the ordinary cross-validation function Vo(a), that is,
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1 E[T -T@)]
V(a)_M;[ db) }wkk (B.21)

where wy; 1s interpreted as the weighting function,

wkk:( 4= by) J (B.22)
1-(1/ M)Tr{B(a)]
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