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AN EXTENSIONAL MODE RESONATOR
FOR VIBRATION HARVESTING

ABSTRACT

By John Mc Kay Youngsman, Ph.D.
Washington State University
May 2009

Chair: David F. Bahr

In an effort to identify techniques for harvesting energy from ambient vibrations, a prototype device
that utilizes stretching piezoelectric film to support a proof mass, with an adjustable support that
allows the resonant frequency of the device to be easily altered has been developed. This extensional
mode resonator (XMR) device is described by a model developed in this work that predicts the power
that is harvested as a function of the frequency and amplitude of the external vibration, the elastic and
piezoelectric materials properties, and the device geometry. The model provides design guidelines for
the effects of device geometry and applied tension through an adjustable support that suggest a strong
dependence on mechanical damping and a weak dependence on frequency, as opposed to a bending
cantilever device. The model predictions are compared to experimental measures from multiple
configurations of the prototype device for frequencies between 60 Hz and 180 Hz, and at accelerations
between 0.1 m/s2 and 25 m/s2. Up to 22 mW is generated from a device with a mass of ~82 g at
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25 m/s2 acceleration, and over the range of frequencies tested the power harvested at 4 m/s2 is between
3 mW and 4 mW. The developed models are used as design tools for various configurations that are
capable of over 100 mW at less than 3 m/s2 in one case to another that can generate more than 10 mW
at 1 m/s2. Prototype configurations have been successfully tested as high as 80 m/s2 with power
generated on the order of 40 mW.
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CHAPTER ONE
1 INTRODUCTION

Improvements in wireless communication and sensing techniques, along with the reduction of
power consumption in current microelectronics, have provided the opportunity for structural health
monitoring systems. Although power consumption is low, battery life remains a critical factor in
installation of distributed sensor networks. Techniques are under investigation that can charge
batteries, super capacitors, or other storage mediums, as a means to extend the service life of installed
networks. Solar power is ubiquitous; however it is not a universal solution. Ambient vibrations are
available in many instances and provide the critical energy input for the piezoelectric class of
materials.
Researchers are investigating vibration harvesting utilizing various self energizing techniques
including electromagnetic in both a cantilever configuration [1-3] and single membrane form [4, 5],
and piezoelectric, principally as cantilevers [6, 7]. A number of recent reviews discuss harvesting
theory, techniques, and performance [8-11]. The frequencies and accelerations discussed in the
aforementioned reviews typically focus on the available vibrations from common machinery and
appliances. Infrastructure monitoring falls into different vibration spectra than the typical machinery
installation because buildings and bridges are so much larger. While not exhaustive, spectra have been
reported for small span bridges (including pedestrian walkways) in the 2-10 Hz range [12-15], large
span bridges report typical resonant frequencies below 2 Hz [12, 15], and a 27 story apartment
building ranged between 0.4 and 3.3 Hz depending on the wind.
A critical issue with most resonating harvesters is their best performance occurs at a single
frequency or over a very narrow range. Therefore, many designs appear limited to fixed frequency or
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known environments. Adjustable resonant tuning provides flexibility in a device and the opportunity
to maximize power generation. Literature shows limited cases of resonant tuning and are described as
external electrical control [16, 17], beam compression technique [18, 19], beam stiffness change
through piezoelectric effect [18], beam stiffness change through magnetic field application [20],
decoupling [21, 22] or frequency rectification [23], and this work on the extensional mode resonator
[24].
1.1 Power Requirements
Wireless sensor nodes installed in remote or difficult access locations allow for continuous
monitoring of structures and events. For example, sensors (strain gages) installed on the main cables
of a suspension bridge can provide strain information of the cables during high winds. This
information is critical to the health of the structure and safety of the public as the sensor may
determine the bridge had been exposed to an unsafe stress condition. This type of sensor would require
continuous operation or perhaps operation during wind storms only. Another recent example is the
collapse of the 35W highway bridge in Minnesota on August 1, 2007. Preliminary findings from the
NTSB suggest that during recent roadwork, the structure was subjected to an overload condition due to
excessive construction materials and equipment on the bridge deck. This overload may have caused
undersized gusset plates to fail [25].
A critical problem to wide deployment is the issue of a suitable power source. Batteries have a
limited life and require considerable time and energy to exchange. A larger concern is the installation
that is either dangerous or no longer accessible for battery exchange. Solar energy can be used to
recharge batteries or super capacitors and has many research dollars invested but a solution is required
for installations that may not have or may not want solar exposure.
An example of the power requirements for a sensor node is presented in Ching et al. [5] in
which a 100 µW generator can operate a sensor, controller and transmitter system that measures and
transmits temperature data to a receiver 25 meters away every 30 seconds. Charge is continuously
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accumulated in a storage capacitor and used as required. A Navy SBIR program has called for energy
harvesters that can provide 1 mW/cm3. The purpose of this study is to examine the piezoelectric and
mechanical properties of certain piezopolymers and copolymers, some of which incorporate
piezoceramic materials [26, 27], in an effort to optimize materials composition and tailor the
properties for application to a novel vibration harvesting device.
1.2 Principle of Piezoelectricity
Certain crystalline materials exhibit the property of piezoelectricity. A requirement for the
effect is a noncentrosymmetric crystal structure such that, under a strain, the center of charge of the
positive and negative elements of the structure is separated. This creates a polarization or dipole
moment. When a piezoelectric material (ZnO in Figure 1) is clad with electrodes, the effect of the
dipole is to induce charge to move from one electrode surface of the crystal to the other electrode
surface through a conductor. This is known as the direct piezoelectric effect. When the strain is
cyclical, the mechanical energy from strain is converted into electrical energy that can be used to
power electronics. The classification of a ferroelectric (BaTiO3 in Figure 1) is that of a structure that
has spontaneous polarization, i.e. the structure has charge separation without deformation and the
magnitude of polarization changes with strain. So a ferroelectric is piezoelectric but the opposite does
not hold.

BaTiO3 structure

Wurtzite structure, ZnO

Figure 1 Examples of noncentrosymmetric crystal structures [28]

The complementary effect of piezoelectricity is the ability to displace a material with the
application of voltage across the structure and is used in small speakers (i.e. cell phone and iPod) and
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transducers. This is known as the converse piezoelectric effect and is equal in efficiency but opposite
in direction to the direct effect. In this study it is utilized in the impedance measurement to extract
electrical properties of the piezoelectric films. When the alternating voltage signal is put into the
extensional mode resonator (XMR) device, the displacement of the piezoelectric films causes the
device to resonate. The electrical properties of the film are assumed to be conserved in both modes of
operation so the impedance test allows an efficient technique to capture the electrical properties of the
films and device.
One of the principle measurements utilized in piezoelectric structures is the piezoelectric
coefficient defined as dij where i and j refer to the direction of applied strain generated by a force and
the direction of the electric field respectively detailed in Figure 2.

Figure 2 Schematic detailing the 31 and 33 mode of piezoelectric materials [29].

As stated above, the piezoelectric effect works in either direction. The direct piezoelectric effect
generates a charge across the material when a strain is applied. The converse piezoelectric effect
strains the material when a field is applied across the material. Because the effect is reversible, a single
coefficient can be used to report the property.
The potential improvement in performance that the higher value of the d33 mode suggests has
prompted some unique structures to try and utilize this mode. Two notable cantilever applications are
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shown in Figure 3 and Figure 4. Both utilize an interdigitated electrode design on the surface of the
cantilevers. The interdigitated design allows the field to lie in the 3 direction which is the same
direction as the resulting strain. The composite structure in Figure 3 incorporates piezoelectric fibers
embedded in an epoxy matrix. As the structure flexes, the fibers are stretched in the 1 direction. The
arrangement of the electrodes induces the electric field along the 1 direction as well.

Figure 3 Schematic detailing the composite structure of piezoelectric fibers embedded in an epoxy matrix
with interdigitated electrodes configured to take advantage of the higher d33 coefficient of piezoelectricity
[30].

The structure depicted in Figure 4 undergoes a strain along the 1 direction when the radius of
curvature changes due to excitation of the base. The interdigitated electrodes are configured to extract
the charge induced along the 1 direction. It should be noted that the numbered directions of the
reference frame are arbitrary and what is critical to understand is that d11 is equivalent to d33 as the
directions are the same. However, d31 is not the same as d32. This is an important distinction because
often there is anisotropy in the materials or composite structure.
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Figure 4 SEM image of a MEMS curved cantilever with an interdigitated electrode design to utilize the d33
coefficient [31].

1.3 Polymer Piezoelectric Materials
The polymer with the highest piezoelectric properties (Table 1) is that of polyvinylidene difluoride (PVDF), and its copolymers, although other polymer materials exhibit this property.
Polarization occurs due to separation of charge across the carbon backbone of the chain from either
atoms or molecular groups [32]. While polymers have a much lower piezoelectric coefficient and
smaller coupling than piezoceramics, the higher compliance (from 1/modulus) provides an opportunity
to utilize these materials. The geometry of the XMR device benefits from the ability of polymer films
to support tensile loads.
PVDF is also pyroelectric where temperature changes cause polarization. However, a large
area is required for any significant change to performance in a harvester device. Temperature can
affect the elasticity of the material which does impact device performance.
Figure 5 shows a typical stress strain curve for the PVDF material. It is seen that the material
is capable of handling large strains relative to piezoceramic materials, with an elastic region of about
6%. Beyond this, a broad yield point is observed with a yield strength of approximately 43 MPa,
consistent with the reported properties from Measurement Specialties.
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Figure 5 Stress strain curve for PVDF [33].

Table 1 Typical physical, piezoelectric, and pyroelectric properties of various materials [34]

1.4 Conformation Effects
Typical cast PVDF materials result in the α-phase chain conformation (Figure 6a) with the
long polymer changes randomly oriented throughout the film [35]. This effectively contributes to the
polarization neutrality of the bulk material as neighboring dipoles influence one another [36].
Mechanical drawing breaks down the original structure of the cast films and at high temperatures
(~140°C) allow the chains to slide over one another while maintaining the α-phase conformation.
However, if the drawing occurs at an intermediate temperature (~50°C), there is not enough room for
the chains to slide by one another and they are instead stretched, resulting in the β- phase [34, 36]. The
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β-phase or all-trans phase, aligns the domains in a complementary fashion which maximizes the
energy harvesting potential (Figure 6b). Drawing is one step in the process but does not align the
dipole domains; it converts the alternate ordered domains to an ordered arrangement.

Figure 6 Schematic depiction of the two most common crystalline chain conformations in PVDF: (a) tg+tgand (b) all-trans. The arrows indicate projections of the -CF2 dipole directions on planes defined by the
carbon backbone. The tg+tg- conformation has components of the dipole moment both parallel and
perpendicular to the chain axis, while the all-trans conformation has all dipoles essentially normal to the
molecular axis [34].

As stated above, the cast material is composed of randomly oriented α-phase material which
also includes about 50% crystallites as shown in the top image of Figure 7. The crystallites are
supported in the amorphous region and align along a single axis when mechanically stretched up to
500%. Finally, the sample is poled to align the dipoles of the crystallites in the same direction. This
allows the material to generate a field across the surface when strained.
For the best performance, PVDF films should be drawn before poling. In the case where
drawing is not feasible, literature suggests techniques to cast β-phase through alternate chemistries
[35, 37, 38]. Additionally, the film can still be improved through poling at a modest temperature [34].
The purpose of poling is to align all the dipole domains along a common axis.
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Figure 7 Schematic showing the random distribution of amorphous material and small crystallites in cast
PVDF (top). Application of strain (middle) orients the crystallites along a single axis. Poling (bottom)
aligns the dipoles of the crystallites [32].

1.5 Poling Techniques
The ability to maximize the piezoelectric effect relies on highly polarized materials. The
chains of the PVDF polymer, as well as the individual grains of the incorporated piezoceramic, are
arranged in a random distribution after casting. By subjecting the films to an elevated temperature
(~80°C) in the presence of a large electric field (23kV/mm), the dipole moments of the components
align. Cooling the film with the field applied locks in the dipole orientation [32, 34, 36, 39].
Relaxation of the structure occurs and is termed aging [32]. Typically this effect is completed after a
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day. Poling can be accomplished most directly by applying a DC field across the film. This is an
appropriate technique provided the film is of a modest thickness. Electric field is inversely
proportional to the thickness of the sample so as the sample thickens, the voltage potential required
may quickly surpass the limits of the power supply. An alternate technique called corona discharge
poling may also be used. Because contact with the film is not necessary, corona discharge poling is
effective for continuous processing of sheet stock and avoids the need of electrode deposition [32].
1.6 Review of Cantilever Type Devices
The conventional cantilever vibration energy harvester, which can be modeled as a spring
mass damper system, is constrained to a very narrow frequency range in order to perform effectively.
The equation for resonant frequency (ωn) is [40]

ωn =

k
3EI
=
.
m
ml 3

(1.1)

The stiffness term, k, varies with the geometry of the beam (width, thickness, length, and moment of
inertia, I) as well as the material from which the beam is constructed (E is the modulus of the
material). Changes to the resonant frequency can be made by altering either the proof mass (m) or the
stiffness of beam. These are not simple adjustments and as such, the typical cantilever harvester must
be designed for an application rather than “tuned” for an installation. This requires the frequency and
amplitude of the environmental vibration be known beforehand and the device designed to match the
frequency.
Cantilevers are used primarily in one of two configurations. The first is as the oscillating
member that moves a magnetic field across a coil [1]. The second is the oscillating member that
supports a layer (or bilayer) of a piezoelectric material [29]. In this case the area of highest strain and
maximum piezoelectric conversion occurs at the root of the beam where it joins the support structure.
The stress diminishes linearly with length along the cantilever such that the tip has no stress [41]. As a
result, a strain gradient forms and the efficiency of piezoelectric conversion declines. In an attempt to
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more uniformly apply the strain, researchers have suggested a tapered cantilever where the root or
attachment point is wide and tapers to the tip. The authors suggest this configuration will more
uniformly distribute the strain along the length of the cantilever and realize a doubling of energy per
unit volume of PZT (lead-zirconate-titanate, a common piezoceramic) thereby reducing production
costs and real estate requirements in a device [6].
Another issue with the cantilever design is the reduction in power output as the frequency
increases. The accepted model for the maximum power of the cantilever harvester as postulated by a
number of researchers [1, 8, 11, 29, 42] is written in simple form as

P =

mζ e A2
,
4ωζ T2

(1.2)

where A is the acceleration and ζe and ζT are the electrical and total dimensionless damping
coefficients. The equation assumes that the natural frequency, ωn, equals the driving frequency, ω.
From this relationship it is apparent that as the driving frequency ω increases, the power generated is
reduced. Initial experiments with the XMR device appear to contradict this relationship however,
because stretching the films alters the stiffness, and therefore the mechanical damping (a component of

ζT in the equation) of the device.
1.7 Stretching Mode
An advantage of the XMR device (Figure 8) is the ability to utilize stretching rather than bending
mode for generating the piezoelectric effect. In the case of the rectangular version (RXMR), all strains
are uniaxial and uniform. Because there is no strain gradient, as in the cantilever, the entire active area
of the films produce power effectively. The conical model (Figure 9) is more complex and is
composed of biaxial strain; principally a radial component through the film and a secondary tangential
component. A strain gradient is also present through the film due to the change in cross sectional area,
with the maximum strain occurring at the central hub and the minimum strain at the edge.
Piezopolymers typically have lower stiffness (higher compliance) and lower d31 than traditional
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piezoceramics used in many harvesting techniques (Table 1), but that allows a much smaller force to
displace the material. Piezoelectricity is generated by the strain of the material, and the voltage is a
function of the piezoelectric coefficient, d31. High compliance is beneficial, however low d31 limits the
performance of a harvesting device. Incorporating high d31 piezoceramics into the piezopolymer
should increase both the d31 and the stiffness. The tradeoff between performance, due to increased
stiffness, and d31 in the piezocomposite materials will be examined.

Figure 8 RXMR device. A proof mass is suspended by PVDF films which stretch rather than bend
during vibratory motion. Adjustment screws change tension.

Figure 9 Cross section view of conical XMR.
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CHAPTER TWO
2 PVDF POLING AND TESTING TECHNIQUES
2.1 Introduction
Through the course of this research a number of miscellaneous techniques were used to
evaluate, measure, or otherwise condition the samples to achieve a particular objective. This chapter is
broken into sections to address these techniques.
2.2 Poling
This section provides details on the poling procedure applied to samples received at various
points in the research. The equipment is owned by the Center for Materials Research (CMR) and, with
permission, was used when needed. The settings required were modified to suit the PVDF samples,
these included temperature, voltage steps and dwell time.
All samples subjected to poling in this research use the DC electric field approach. This
requires electrodes to be available on the film surfaces. For simplicity, gold electrodes are applied to
both sides of the film using DC magnetron sputtering in a BOC Edwards Auto 306 Sputter System. In
some cases, a shadow mask was used to define the geometry of the electrodes. It is imperative that no
short circuits are present between the electrodes through either pits in the film or sputtered material
that wraps around the edge. Prior to putting power to the films, a resistance and capacitance
measurement are recorded to check for the short circuit condition. Additionally, it is best to trim the
film to size after the electrodes are applied to avoid the second possibility above.
The process setup is shown in Figure 10. The sample was immersed in Fluorinert FC-40 (3M
product), a dielectric solution to prevent premature breakdown of the film. The process was controlled
by a Labview program running on a desktop computer. Inputs to the program include voltage step size,
maximum voltage, step time, and maximum voltage dwell time.
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Figure 10 Poling apparatus. Top left: hot plate with sample in dielectric bath. Top right: sample on
conductive base and copper contact pad. Bottom: Bertran power supply and ammeter.

The PVDF samples require a very large poling field. Literature suggests poling at just below
the breakdown field, typically 30-120 kV/mm [36], however a practical poling field is limited to about
50 kV/mm [32]. The samples in this research were subjected to a field on the low end of the reported
spectrum, 23 kV/mm, to avoid damage to the poling equipment. Using the sample thickness and
applied field, calculations determined the power supply needed to supply up to 1100 V.
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Figure 11 shows the poling profile of current versus time conducted on the films. The film
was heated to ~90°C, which is just below the Curie temperature Tc, while immersed in a dielectric
solution bath to prevent breakdown. This additional energy allows the electric domains to reorder
more easily. Each increasing step change in current represents a 50 VDC change in the applied field
voltage with a peak (in this case) at 1050 VDC. The field was held through the following events: the
current reduction leveled then dropped precipitously (t=30 minutes), reduction in current leveled off
again (t=40 minutes), the heat was removed and the sample was allowed to cool to room temperature
which further reduced the current. When the sample reached ~40°C, the field was reduced at 50 VDC
intervals every 30 seconds (t=60 minutes).

Figure 11 Current vs. time for the poling process of sample AM75 13B. Each step increase in current at
time < 20 minutes represents a 50 V step in the applied field.

Although the technique used in this research is applicable to poling a single material such as
PVDF or PZT, some of the samples were composites that included both PVDF and PZT. The d31 value
of PVDF is opposite that of PZT, as such, a poling field would tend to polarize one material while it
depoled the other. Zeng et al [43] describes a technique to pole both components which would
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maximize the performance of a composite film when subjected to strain. The procedure involves
poling the piezoceramic portion at a temperature above the polymer’s Curie temperature for an
extended period, up to 2 hours. The field is then removed and the sample is cooled to approximately
60˚C and subjected to an AC poling field of 10 Hz. The field strength varied as a function of
composition. This would be a useful technique to apply to some of the PVDF-PZT composite films
used in this work.
2.3 Evaluating Phase
Fourier Transform Infrared Spectroscopy (FTIR), a non-destructive characterizing method, is
used to determine the phase of the PVDF polymer films. The useful phase, in this case β-phase, is
important to generate the piezoelectric effect. Cast PVDF films are typically α-phase and converted to

β-phase through additional process steps. The measurement instrument used in this work is a Nicolet
Nexus 870 FTIR ESP.
The FTIR technique measures a materials vibration response to an energy input. Laser light is
applied to the sample which absorbs the energy. This energy absorption causes the molecules of the
sample to vibrate. Analysis of the transmitted or reflected vibration frequencies is used to determine
the types of bonds and atoms present. Modes include stretching, bending and torsion between
neighboring atoms. Each atom pair and vibration mode has a specific vibration frequency. Spectra are
typically reported in wave number (cm-1).
A number of researchers have studied the PVDF and the PVDF-copolymer systems. Optical
wave numbers of interest for phase determination are listed below [27, 37, 44, 45].
•

895 to 885 cm-1 : vinylidene (>C=CH2)

•

840 and 510 cm-1 :β-phase PVDF

•

766, 795, 856, and 976 cm-1 : α-phase PVDF

Many of the films investigated were PVDF with HFP copolymer (hexafluoropropene). The addition of
HFP is to produce β-phase rather than α-phase in the as cast condition. Another variant is the
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incorporation of PZT particles into the PVDF copolymer. As pointed out in the previous chapter, this
was done to try and improve the piezoelectric performance of the films. FTIR results of the PZT films
contain a very broad peak below 700 cm-1 which inhibits the ability to identify the β-phase peak at
510 cm-1.
The FTIR spectrum in Figure 12 is from a Measurement Specialties 28 µm film. Peaks show
the presence of both α-phase (615 and 763 cm-1) and β-phase (840 cm-1).

Figure 12 FTIR spectra from 28 µm Measurement Specialties film. The peak at ~840 cm-1 indicates
presence of β-phase. Peaks at ~615 and ~763 cm-1 indicate α-phase.

The presence of α-phase would be expected as it would be difficult to convert all the material to βphase. The dominant peak at ~882 cm-1 indicates the presence of vinylidene groups which are
composed of two carbon atoms double bonded with a pair of single bound hydrogen atoms and single
bonds to two other atoms; in the case of PVDF they are fluorine.
A number of PVDF-copolymer samples were cast by TPL, Inc. and sent for evaluation. The
intention was to develop a technique to tailor the piezoelectric properties of PVDF films by
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incorporating copolymers and PZT. The spectrum shown in Figure 13 below is from sample AM7513B #3 which is PVDF with 10% HFP and 20 volume % PZT. The broad peak due to the PZT is
evident below 700 cm-1 and the sample shows a strong peak ~840 cm-1 which would indicate the
presence of β-phase. Unfortunately, the broad PZT peak obscures any information regarding the
presence of α-phase.

Figure 13 FTIR spectrum from TPL, Inc. cast film. The peak at ~840 cm-1 indicate β-phase while the
broad peak below 700 cm-1 hides most information regarding α-phase.

Another sample produced by TPL, AM75-21A, was cast without PZT. It is composed of
PVDF with 10% HFP. Its spectrum is shown in Figure 14 and has a strong resemblance to the
Measurement Specialties film in Figure 12 above. The TPL films presented here show β-phase in an as
cast condition while the Measurement Specialties film was stretched to develop β-phase.
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Figure 14 FTIR spectrum from TPL, Inc. cast film sample AM75-21A.

Samples were received from TPL that had been stretched as well. Unfortunately their
technique was not able to stretch PVDF-PZT composite films; the samples tended to break before
much strain was imposed. A technique tried at WSU was able to stretch films both with and without
PZT. The technique involved rolling the samples in a pinch roller at room temperature. Sample
AM75-49A, composed of PVDF-HFP 10%, was successfully stretched from 30.5 mm to 53 mm, a
strain of 74%. The spectra are shown in Figure 15. The results show a small improvement in the βphase indicator at 840 cm-1.
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Figure 15 FTIR spectra for stretched (red) vs. unstretched (blue) PVDF-HFP 10% sample from TPL
(AM75-49A).

Figure 16 FTIR spectra for stretched (red) vs. unstretched (blue) PVDF-HFP 10% with 20 vol% PZT
sample from TPL (AM75-13B).

A sample composed of PVDF-HFP 10% with 20 vol% PZT was also run through the roller. It
was stretched from 30.9 mm to 51 mm, a strain of 65%. The spectra for this sample are shown in
Figure 16. The results indicate a large improvement in the β-phase marker at 840 cm-1. While
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improvement is seen, it is at a level much lower than literature suggests. Typically strain values to
generate β-phase occur at levels around 400-500% [36].
2.4 Measuring Compliance s11E
2.4.1 DMA Method
Dynamic Mechanical Analysis (DMA) is a useful technique to extract compliance data from
materials. The DMA is a very sensitive instrument which simultaneously applies a static and dynamic
load to a sample mounted in an insulated chamber then measures the resulting displacement. The
compliance is calculated from the load and displacement data. The insulated chamber allows
variations in temperature so that other measurements can be conducted such as loss modulus.
This technique was used to determine whether a sample of 9 µm biaxial stressed film with no
published data would have the same properties as the typical uniaxial stressed film from Measurement
Specialties.
Two samples were cut from the parent sheet such that the test direction of the samples would
be orthogonal. The samples were identified as longitudinal and transverse. Each sample was subjected
to the same test conditions:
•

Static load

2055 µN

•

Dynamic load

ramped from 1 µN to 323 µN

•

Frequency

1 Hz

•

Temperature

constant~30˚C

Results of the experiments are shown in Figure 17 below. The biaxial material was assumed isotropic,
however the results depicted in the plot seem to contradict that assumption. The shift may also be
explained by slippage of the longitudinal sample in the clamping jaws during the experiment. The
samples were very thin and difficult to mount in the instrument. Slippage was also observed on
another experiment.
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Figure 17 Stress vs. strain results from a DMA test on samples of 9 µm biaxial stretched PVDF film.

The shape of the curves are similar, with very steep sections near the origin that bend to a
wide linear region with a slope that matches the reported 180 MPa tensile strength of biaxial PVDF
[46]. A curve fit of the linear region is shown in Figure 18 with a slope of ~120 MPa.

Figure 18 Linear region of stress vs. strain results from a DMA test on samples of 9 µm biaxial stretched
PVDF film showing curve fit of samples.
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The plot is consistent with the events in the experiment. As the stress is increased, the sample reaches
the elastic limit and then begins to deform. Figure 5 shows a broad peak at the elastic limit for PVDF
and that is assumed to explain the length of the linear portion in Figure 18.
Close examination of the results near the origin are shown in Figure 19 which captures the
data at very low strains. The curve fit for the transverse sample is ~1.2 GPa which is somewhat lower
than the reported Young’s modulus of 2 GPa for a biaxial sample [46].

Figure 19 Zoomed in region of stress vs. strain results from a DMA test on samples of 9 µm biaxial
stretched PVDF film showing a curve fit of the sample data that corresponds to the materials modulus.

Overall, the technique is useful for exploring the properties of the PVDF films. Caution must
be used when mounting the samples and thicker samples may provide better results.
2.4.2 Bulge Testing
In bulge testing, a uniform stress is applied to a thin film material by introducing a pressure
gradient on the two faces of the film. Figure 20 is a schematic of the test apparatus. The film (gray
rectangle) is centered and adhered to a rigid puck (blue circle) that contains a rectangular feature (blue
dashed line) with an aspect ratio (l/w) greater than 5. The puck is mounted to a bellows apparatus that
applies vacuum to one side of the film through the slot feature. The vacuum causes the film to deflect
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which is measured with a laser vibrometer centered over the film. Through the geometry restriction,
the Rectangular Membrane Method (RMM) limits the strain to a uniaxial state [47]. The strain
developed in the film through the pressure deflection is written as:

2δ 2
ε1 = 2
3a

(2.1)

where ε, δ and a are the strain, center deflection of the film, and one half the side length of the short
side of the film, respectively.

Figure 20 Schematic of bulge test apparatus used for measuring film modulus.

The modulus of the film is determined by curve fitting the pressure-deflection data to the
following equation:

P ( x ) = C1 ( x − xoffset ) + C2 ( x − xoffset ) − Poffset
3.4σ 0t
a2
1.82 EBt
C2 =
a4

C1 =

(2.2)
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where P and x are the measured pressure and deflection. Coefficient C1 has units kPa/µm while C2 has
units of kPa/µm3. The offset terms allow for corrections to be inserted if the pressure-deflection curve
does not track through the origin [48]. Modulus is determined by solving the C2 equation for EB

C2 a 4
EB =
1.82t

(2.3)

and substituting the known and measured values. The pressure-deflection curve shown in Figure 21
results in a modulus of 3.02 GPa. Measurement Specialties publishes a range for this value between 24 GPa.

Figure 21 Pressure vs. deflection data with curve fit of Measurement Specialties 28 µm film used to
calculate film modulus.

2.4.3 Force Deflection Measurement
The force-deflection experiment conducted with the 4-point bend apparatus provides another
means to measure the compliance of the film elements. The apparatus is designed to measure force (in
Newtons) through a transducer head, while it steps the head at fixed intervals of distance and time.
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The device under test is assumed to be a simple mass-spring system so it obeys the following
relationship:

Fδ = sδ

(2.4)

where s is the spring stiffness and δ is the displacement. Equation (2.5) calculates the device stiffness
using a relationship between the device geometry and materials properties. The equation is used here
but developed in detail in Chapter 4.2.

⎛
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⎜
4 wh ⎜
1
s = E ⎜1 −
3
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⎟ 0
⎟
⎟
⎠

(2.5)

The terms w, h, and L0, refer to the film width, thickness and non-deformed length while up is a
pretensioning dimension. The material compliance is represented by s11E .

Figure 22 Schematic of the force-deflection experiment using the 4-point bend apparatus.

Solving Equation (2.5) for s11E and substituting the other geometric parameters with the device
stiffness result from the force-deflection experimental plot, shown in Figure 23, returns a value of
1.15E-9 m2/N for the material compliance. This value is about an order of magnitude higher than the
reported value of 3.65E-10 m2/N from Measurement Specialties.
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Figure 23 Force-displacement measurement relationship of the RXMR used as a method to determine
compliance. (Data file 10140816 corrected load plot.)

2.5 Measuring Piezoelectric Coefficient, d31
The piezoelectric coefficient, d31, is calculated experimentally by measuring the charge
accumulated on the electrode surface of the film during an applied stress. An electrometer, which
measures charge (in coulombs), is connected across the films. When stress is applied to the film, the
dipoles in the film change. This induces the charge to move from the electrode on one side of the film
to the electrode on the other side of the film. The conduction pathway is through the electrometer
which then provides a measure of the charge transported. Two techniques are detailed in the following
sections that include a straightforward gravity test and a more controlled test using the bulge test
apparatus.
2.5.1 Gravity Test
Figure 24 below is a schematic of the d31 gravity test. In the test, the film is stressed by the
alternate application of a load onto the mounted film. The film is attached to a frame by the upper
clamp while a lower clamp is attached to the other end of the film. The mass is connected to the lower
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clamp by a string. The mass is raised and lowered to load and unload the film. Charge transfer
between the electrodes is measured by the electrometer with each load application.
The value for d31 is calculated using the expression [32]

d 31 =

Q Ae
mg Ax

(2.6)

where Q is the measured charge transfer, m is the mass, g is gravity, Ae is the electrode area and Ax is
the cross sectional area of the film.

Figure 24 Schematic of d31 gravity test.

Samples of commercially available film from Measurement Specialties, with a published d31
value of 22 pC/N, were evaluated and produced values of d31=20 pC/N. As a consequence, this film
was used as a standard for evaluating performance of the apparatus when evaluating other film
samples. Measurements conducted on d32 resulted in a similar confirmation of published values for the
Measurement Specialties product.
2.5.2 Bulge Testing
As stated above, the piezoelectric coefficient, d31, is calculated experimentally by measuring
the charge transfer between the electrodes of the film during a stress cycle. The gravity test provides
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an easy, although low precision, technique of measuring d31while the bulge test apparatus provides a
more controlled method to stress the films. An electrometer, which measures charge (in coulombs), is
connected across the films. When stress is applied to the film, the dipoles in the film change. This
induces the charge to move from the electrode on one side of the film to the electrode on the other side
of the film. The conduction pathway is through the electrometer which then provides a measure of the
charge transported.
The experimental measures are used with some geometric parameters of the film element in
the following equation [47]:
2
2
3 Q ⎡⎣(1 −ν ) a ⎤⎦
d31 =
E f h2 A
2

(2.7)

where Q, ν, a, Ef, h, and A are the measured charge, Poisson’s ratio, half the short side length of the
film, measured Young’s modulus, film thickness and the electrode area respectively. The geometric
values can be measured while the Poisson ratio can be found in literature. The bulge test apparatus
provides the measures for charge and modulus as described in Section 2.4.2. Figure 25 below is a
schematic detailing the experimental apparatus for measuring d31 with the bulge test apparatus. The
setup is the same as that used for measuring compliance but includes the electrometer.
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Figure 25 Schematic of d31 experiment using the bulge test apparatus.

The rectangular membrane method requires the length/width ratio of the electrode to be
greater than 5 [47]. In keeping with this constraint shadow masks were constructed in order to define
the electrode on one side of the film (see Figure 26). While the experiments were able to produce
satisfactory results in compliance measurements, the d31 measures were less successful. Use of
Equation (2.7), the pressure-deflection plot from Figure 21, and charge measurements from the
electrometer resulted in d31=4.78 pC/N which is much lower than the published value of ~22 pC/N.
This may be attributed to the partial depolarization of the films during the mounting step as the wax
used to mount the films melts at the Curie temperature of the PVDF material. This results in minimal
charge transfer when strained. Consequently, the mounting was done using lacquer (clear fingernail
polish) which resulted in a very thick adhesion layer that caused the films to sag.
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Figure 26 Drawing of the electrode generated by the shadow mask used in the RMM d31 bulge test.

Another source of error arose with centering the laser vibrometer on the sample at a region
that would reflect an adequate signal. As the film was drawn down (with vacuum) into the puck
feature, the concave surface of the film would tend to reflect the laser signal away from the detector
reducing the signal strength. Additionally, the film surfaces were rough which caused the sputtered
gold electrode material to reflect poorly. Although this would provide a more precise measure of d31,
there are issues that must be overcome before the technique is effective.
2.6 Amplitude Measurements
This section describes an experiment to measure the displacements of the base motion of the
XMR and the displacement of the mass due to inertial motion. The displacements were measured
using a laser vibrometer with small pieces of a polished silicon wafer attached to the frame and mass
to act as reflectors. The XMR was driven at several resonant frequencies. Figure 27 shows the typical
results for a displacement versus acceleration experiment. In this particular case the difference
between the base and mass displacement is featured. This demonstrates the importance of operating an
oscillating device at resonance: the very small base motion causes very large excursions of the
resonant device. This results in larger strains in the compliant films which produce power in
proportion to the strain.
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Figure 27 Typical plot showing the displacement vs. acceleration of the mass and base. The displacements
between the mass and base differ by more than an order of magnitude.

Figure 28 shows the mass amplitude versus base acceleration at resonant frequencies of
152 Hz and 178 Hz. The interesting feature is the similarity in this plot to the power versus
acceleration plots shown elsewhere. This indicates that power roll-off and limitation is due to
reductions in vibration amplitude rather than a reduction in piezoelectric conversion.
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Figure 28 Plot showing the measured mass amplitude vs. base acceleration of the XMR at resonant
frequencies of 152 Hz and 178 Hz.

2.7 Damping
At one point, the question of the effect of a mass change on device performance at a constant
geometry was asked because of an assumption of constant mechanical damping. Before investing a lot
of time on design and manufacture for a variable mass XMR, the following experiment was conducted
to see if there was any change to the damping term.
Experiment
The hypothesis is that with an unchanged geometry, the change in mass should not affect
mechanical damping. From the model development and mechanical analogue presented in Chapter 4,
and the equivalent electrical circuit parameter R, the damping term Rm is defined by the relationship
Rm=RΨ2, where Ψ, an electromechanical coupling term, is entirely composed of materials properties
and geometry terms.
An impedance sweep was measured on the XMR tuned nominally to 180 Hz. The sweep and
subsequent Matlab curve fit are shown Figure 29.
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Figure 29 Initial impedance sweep, Z vs.f , (left) and curvefit (right) of impedance data of the XMR
device nominally tuned to 180 Hz.

An easy method to add additional mass was to affix large binder clips onto the ends of the
XMR as shown in Figure 30. The total increase in mass was ~51.5 g. The clips were carefully attached
to ensure symmetry in order to minimize a significant change in the moment about the center of mass.

Figure 30 Image of the XMR device with binder clips attached.

After affixing the clips, another impedance sweep was taken. The results are shown in Figure 31.
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Figure 31 Impedance sweep,

Z vs.f , (left) and curvefit (right) of impedance data of the XMR device

after the attachment of additional mass.

Comparing the plots in Figure 29 with the plots of Figure 31, the expected shift in frequency is
apparent. The fit (blue line) to the data (green line) seemed to be less satisfactory than fits conducted
on prior data sets, however it appeared to be consistent through both tests. The curve fit parameters are
shown in Table 2.
Table 2 Results from impedance sweep curve-fit.

Parameter

XMR
1.45E-10

XMR + 52 g
1.45E-10

4.25E+06
2.23E+05
3.58E-12

4.82E+06
2.95E+05
3.22E-12

0.1
13.4
32.3
-10.1

k2
fn

0.024

0.022

-10.0

178

163

-8.3

Ψ (elec)
s (elec)
R m (elec)

6.06E-04
1.03E+05
1.6

6.74E-04
1.41E+05
2.2

11.1
37.4
40.0

Ψ (geo)
s (geo)
R m (geo)

7.53E-04
1.31E+05
2.4

7.53E-04
1.31E+05
2.7

0.0
0.0
13.4

C m (geo)
Q

4.3E-12

4.3E-12

58.4

62.9

0.0
7.8

Co
R
L
Cm
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% Change

(elec) indicates values from impedance data using Ψ2=m/L, s=Ψ2/Cm and Rm=RΨ2
(geo) indicates values from geometry using equations for s and Ψ below

Analysis
The additional 52 g mass resulted in a 13% increase in R, and according to the mechanicalelectrical relationship from the model would suggest that the mechanical damping has increased. Now
consider the other terms, L and Cm. The mechanical analogs are L = m Ψ 2 and Cm = Ψ 2 s . One
would expect a change to L, as the mass has changed but geometry has not, and results indicate a
change of 32%. The change to Cm is 10%, however one would not expect a change to this value as the
assumption was that s and Ψ would remain constant with geometry. The model equations for the terms
s and Ψ do not contain a mass term anywhere.
Frequency is calculated in the curve fit as f n = 1 2π LCm , however frequency is also
defined as f n =

s / m . From the assumption of constant device stiffness, s, the following

relationship should be true: f12 m1 = f 22 m2 where the subscripts indicate the two test conditions. The
initial mass was 82 g. The additional mass added was 52 g, a 63% increase. Substituting values
produces:

(178 ) (82 ) = 2.6E6 ,
2

(163 ) (82 + 52 ) = 3.6E6 .
2

The significant inequality between the results strongly suggests that s did not remain constant with the
additional mass.
The following equations for s and Ψ are developed in detail in Chapter 4 but are placed here
for convenience:
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Using the mechanical analog from the impedance result (Ψ2=m/L) provides a means to calculate the
coupling term, Ψ. The result was used to find s and Rm. Inspection of the geometric equation for Ψ
indicates a dependence on geometric terms and materials properties, namely, compliance and
piezoelectric coefficient. The mass is known and the inductance is measured, however the coupling
term does not remain constant. The two terms that can change (because geometry did not change) in Ψ
are d31 and s11E. The calculation of Cm using Ψ and s from the electrical measures returns essentially
the measured value. This may be good in that Ψ and s are accurate or it may indicate that this
relationship is used to derive the values. Because the experiment was conducted with constant
geometry, using the relationship for Cm = Ψ 2 s and substituting the equations for Ψ and s above
should provide Cm~const(d312/s11E).
The plot shown in Figure 32 is generated from measured data taken from the regular model
and the xs-model RXMR devices. In this case, the mass is constant with changes made to either the
geometry or the material. The difference in the mechanical damping term Rm is seen to vary with
changes in film thickness as well as film length. Film length (Lo) in the regular model is ~22 mm and
the xs-model has a film length of ~46 mm. While some of the data (119 µm regular) appear to be
linear, other data appear more clustered about a region. However a general trend seems to present
itself, damping is increased by both material thickness and geometry.
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Figure 32 Mechanical damping Rm vs. up+uxs generated from data sets. Blue data are from 119 µm films,
red data are from 28 µm films, diamonds are from a regular model device, triangles are from an xs-model
device.
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CHAPTER THREE
3 XMR BASICS

This chapter is principally a reproduction of a paper published in Smart Materials and Structures
(Morris, D.J., Youngsman, J.M., Anderson, M.J., and Bahr, D.F., A resonant-frequency tunable,
extensional mode piezoelectric vibration harvesting mechanism. Smart Materials and Structures, 2008.
17). Sections written by co-authors have been paraphrased but the structure and derivations are mostly
duplicated. The content has been expanded to address the additional figures that relate this work to
prior literature.
3.1 Introduction
The three principal methods of electromechanical energy conversion in vibration harvesting
devices are electrostatic, electromagnetic and piezoelectric. A number of reviews have been compiled
recently that present the theory and performance of these methods [8, 29, 49]. Electrostatic harvesters
have been demonstrated in different configurations [6]. Electromagnetic devices have been
successfully demonstrated for a variety of structures and designs [1, 3, 50]. Piezoelectric
configurations, principally fabricated as cantilevers of ceramic lead – zirconate – titanate (PZT), are
demonstrated in several publications; e.g. [6, 16, 51], and Kim et al present a unique compression
method with a piezoceramic structure [52].
Regardless of the particular electromechanical energy conversion technique, the entire
vibration harvesting device may be viewed as a simple oscillator (mass and spring), excited externally
by a vibration source, with mechanical and electrical dissipative paths. Electrical dissipation in this
sense is good; this is the power delivered to an electrical load or stored for use later. The mechanical
dissipation is the losses in the conversion due to friction, bending, or damping. It is generally
recognized that the most electrical power may be extracted when the mechanical device is at, or near,
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resonance. Even good electromechanical converters convert a small fraction of the strain (piezoelectric
converters) or kinetic (electromagnetic or electrostatic converters) energy at each pass. Therefore, high
mechanical gain increases the effective transduction efficiency of input mechanical power to output
electrical power.
An array of simple cantilevers may have a difficult job harvesting power from what might be
viewed as a typical structural installation where a variety of frequencies are present. Even if each
cantilever was constructed for a particular frequency [49], such that it was harvesting at resonance,
there would be many devices operating at much less than optimal conditions. If a volume or weight
constraint is enforced, this configuration becomes even less appealing. It is possible to increase the
harvesting bandwidth of an individual cantilever such that a single or smaller array would capture
more vibration energy by introducing additional damping, but this also reduces the electrical output of
the device as the energy would be dissipated through the mechanical rather than the electrical path.
The issue of matching devices to environments leads to the interest in tunability. If a technique
were available to adjust a harvester to match the environment into which it is placed, power
production would occur at the efficient resonant frequency. This would allow less rigorous
manufacturing tolerances and the ability for a single device to be used in a variety of installations. It is
a straightforward extension to envision “smart” devices that could track the frequencies available in
the installation and adjust themselves to maximize power output.
The literature shows a few implementations of frequency tuning in resonant devices for vibration
harvesting. In general, the stiffness of the device is controlled as this is easier to implement than a
dynamic change in the effective mass. These methods fall into two main categories:
1. Control of the stiffness of a piezoelectric beam by adaptive capacitive loading or other electrical
control schemes; for example, as in [6, 16, 17];
2. Bias loading of a piezoelectric beam, which can decrease the stiffness by application of a
compressive end load [19] or, application of magnetic forces to increase or decrease the beam
stiffness [20].
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Another class of wide band vibration harvesting mechanisms decouples the vibration frequency
from the resonant frequency of the piezoelectric element by pulse-excitation of a high-naturalfrequency generator by a low-frequency resonator [21, 23].
In this chapter a new mechanism that is capable of resonant frequency tuning will be detailed.
The device can utilize any piezoelectric material or structure capable of supporting a tensile load. For
simplicity the initial device designs utilize polyvinylidene fluoride (PVDF) films of varying
thicknesses, but the theory outlined is applicable to other families of materials, for example,
piezoceramics on metal foils. The device couples two nonlinear spring elements into a configuration
that becomes an oscillator with wider ranges of linear motion. The spring elements, in this case PVDF
films, are affixed on one end to a central mass and on the other end, to an adjustable frame element.
By changing the length of the frame element, the effective stiffness of the spring element is changed
which alters the resonant frequency of the system. Electrical power is observed to scale with
acceleration as expected, however it is relatively insensitive to changes in the natural frequency.
3.2 The Extensional Mode Resonator
In this chapter the device described utilizes stretching rather than bending of the piezoelectric
element. The device is constructed of films or membranes which by definition cannot support bending
or compressive loads. Consider a film element of width, w, length 2l, and thickness h, firmly anchored
to a frame. The force, F, required to deflect the center of the single film element a distance, u, shown
in Figure 33(a) can be described by the following equation for small excursions where u/l << 1

F=

Ewh 3
u.
l3

(3.1)

This exhibits a cubic relationship between force and displacement.
Now if two identical films are attached with a rigid link of length 2up=u1+u2 as shown in
Figure 33(b) the films act as spring elements and the structure will be in a state of static equilibrium. A
force balance equation can be written as
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FTOT =

Ewh 3 Ewh 3
u1 + 3 u2 = 0,
l3
l

(3.2)

and recognizing in the presented configuration u1 is opposite in sign to u2 and consequently equal to
up. Finally introduce an arbitrary excursion ∆u to the structure. This results in a force balance equation
written as

FTOT =

3
3
Ewh
Ewh
u + ∆u ) + 3 ( − u p + ∆ u ) ,
3 ( p
l
l

(3.3)

FTOT =

Ewh
6up2 ∆u + 2∆u 3 ) .
3 (
l

(3.4)

which simplifies to

Figure 33 (a)Schematic of the displacement u of a rectangular string of non-deformed length 2l, thickness h
and width w (out of the plane of the figure) at the center by a force F. (b) Pre-tensioning two extensional
elements by a rigid link of length 2up. (c) Displacement of the link by an external force F by an amount ∆u.

This demonstrates a force-deflection relationship of the structure with both linear and cubic terms in
∆u. For sufficiently small displacements of ∆u, the cubic portion contributes very little to the total
force, FTOT, and can be neglected. The effective stiffness of the structure can be found through the
following equation
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k=

dFTOT
Ewh
≈ 6 3 up2 .
d ( ∆u )
l

(3.5)

This demonstrates that a geometric change to the structure should allow an increase or decrease in the
force required to displace the link. Substitution of Equation (3.5) into Equation (1.1) allows the
derivation of an equation that demonstrates a linear relationship of frequency to the geometric change
of the spring elements.

f N = up

1
Ewh
6 3
2π
ml

(3.6)

The next section describes the construction and testing of a device to validate the equations presented
to this point.
3.3 Prototype Device Fabrication and Experimental Measures
For proof-of-concept testing the first prototype of the XMR used a full circular diaphragm
geometry made from metalized 28 µm-thick piezoelectric polyvinylidene fluoride (PVDF)
(Measurement Specialties, Inc), and a seismic mass largely constructed from an alloy of 90 %
tungsten, 6 % copper, and 4 % nickel (Marketech International). The tungsten alloy has a density of
17,000 kg m-3, which is close to the density of pure tungsten (19,300 kg m-3) but is easy to machine
with conventional tooling. The total live mass was 26.4 g. Other rigid parts of the XMR were
constructed of brass. The PVDF was glued to the clamping rings and attached to both sides of the
seismic mass with nylon screws. The W-alloy and brass components were electrically isolated from
the metalized PVDF film by applying a lacquer coating where they might contact the PVDF, and
etching the electrodes from the PVDF using a peroxy-sulfuric acid solution. The electrodes may also
be etched using a ferric chloride solution. The electromechanical properties of the PVDF, as reported
by the manufacturer, are d31 = 23 pC N-1, ε = 106-113 pF m-1, and E = 2-4 GPa; the films were chosen
for ease of use in verification of the model and initial device construction, and should not be
considered as either upper or lower bounds on the range of materials that could be used in this device.
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The PVDF elements were suspended at the center with flanged brass spools. The rigid link
between the spools is an 8-32 screw, the effective length of which may be changed by turning the
screw relative to the spools. This is the mechanism by which up, and therefore the resonant frequency,
is controlled. Figure 34(a) is a cross section view of the XMR detailing the relationship between the
components. Figure 34(b) a photograph of the assembled XMR in preparation for testing. The volume
of the XMR (excluding testing fixtures) is about 10 cm3 (0.6 in3).
Adjustment
screw
Clamp ring

PVDF
Mass

Base

Figure 34 (a) Section view of the XMR (b) Photograph of an assembled XMR device

Figure 35 is a cross-sectional schematic that demonstrates the operation of the XMR. In this figure, the
base to which the device is attached is considered the reference frame and is rigidly attached to the
page. The membrane suspension spools are also rigidly attached to the base. Vibration excitation of
the base induces motion of the seismic mass relative to the base. This in turn causes each piezoelectric
membrane to alternately lengthen and shorten. Electrodes on both sides of the piezoelectric material
collect charge developed through the direct piezoelectric effect.

44

Preloading adjustment

Shortened

membrane

Seismic mass
thene
Leng

d me

mbra

Motion of seismic mass
relative to base

ne

Base

Figure 35 Cross-sectional schematic of the XMR device driven by base excitation. In this schematic, the
seismic mass has moved upwards relative to the base, causing the top piezoelectric membrane to shorten
and the bottom membrane to lengthen. Continued vibratory motion causes the membranes to alternately
lengthen and shorten [24].

The XMR was mounted to a vibration table (Brüel and Kjaer 4801) for testing. The driving
signal was typically white noise (to observe a frequency spectrum) or a sine wave from the signal
source on a dynamic signal analyzer (DSA) (Agilent 35670A). The open-circuit voltage from the
XMR, and an accelerometer that was mounted to the vibration table, were input to the DSA. The data
were collected using either an oscilloscope (Tektronix TDS 2002) or the DSA. A convenient method
of characterizing the spectrum of dynamic behavior is the frequency response function (FRF), defined
here as the open circuit voltage across one or both of the piezoelectric membranes divided by the
acceleration measured from the vibration table.
3.4 Frequency Tunability
Figure 36 is a plot of several FRFs acquired from the XMR in open-circuit conditions after
changing the pretension displacement between three tuning screw positions in random order. Position
2 was the initial point. Position 1 had an up of 0.1 mm less than Position 2 and Position 3 had an up of
0.2 mm greater than Position 2. In general the resonant frequency was repeatable within the ability to
reposition the tuning screw to the same location. The ability to reproduce the specific frequency of
interest was possible to within 1% of the frequency; this is limited by the sensitivity of the adjustment
screw used in the current study and not a fundamental limit on the device. Long term static loads with

45

this level of pre-tension did not cause the device resonant frequency to drift. In a complementary
experiment, an XMR was tuned to a resonant frequency that was measured to be 81.5 Hz. The XMR
was then driven at this frequency for four hours with a 9 m/s2 acceleration amplitude. Every hour the
resonant frequency of the XMR was measured using an impedance sweep technique [53], and found to
be within the experimental uncertainty of the measurement (0.3 Hz). The prototype system
demonstrated the ability to adjust to and maintain a specific resonant frequency. Furthermore, the
voltage to acceleration ratio at resonance is effectively constant, even when doubled in frequency.

Position 1
Position 2
Position 3

Figure 36 Frequency response functions from a frequency-tuning experiment in which each symbol
indicates the same adjustment position. Different experiments at each adjustment position have different
shading. The adjustment was varied between the three positions in a random sequence. This
demonstrates the reproducibility of the frequency tuning mechanism.

A second resonant frequency tuning experiment was undertaken to examine the prediction of
linearity of frequency to geometric changes to the device. The results in Figure 37 provide support for
the assumption presented in Equation (3.6). The XMR was adjusted through a range of preloads which
varied the dimension up by approximately 1.25 mm which resulted in resonant frequencies that ranged
from 80 Hz to 235 Hz. The red line represents a least squares linear fit of the data that lies within a
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95% confidence interval. This broad range of frequencies encompasses almost the entire spectrum of
low level vibration sources suitable for energy harvesting as reported by Roundy [29]. By comparison
this range of tuning, on the order of 66% calculated as

( f max −

f min ) / f max , is far greater than others

reported in the literature.
250

Resonant frequency, BR (Hz)

225
200
175
150
125
100
75

-1.0
-0.5
0.0
0.5
Relative preloading displacement, KP,rel (mm)

Figure 37 Resonant frequency, determined by the frequency response function, as a function of relative
preloading displacement. The placement of the preloading screw at 212 Hz is an arbitrary datum. The
solid line is a least-squares linear fit, and the dashed lines indicate a 95 % confidence interval [24].

Leland and Wright achieved a reduction in resonant frequency from 250 Hz to 200 Hz and
from 190 Hz to 160 Hz (two different seismic masses) by applying a compressive axial load to a beam
that supported a seismic mass midspan as shown in Figure 38 [19]. The lower limit occurred at the
buckling point of the column due to the large loads required, up to 65 N. They report a tuning range of
20% for a 7.1 g mass and 16% for a 12.2 g mass.
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Figure 38 Compressive beam technique (a) schematic of technique (b) device under test [19].

Challa et al [20] has shown a technique using permanent magnets attached to a cantilever
harvester and the frame to either increase or decrease the resonant frequency. The adjustment depends
on the orientation of the poles of the magnets. Like poles cause a relative increase of the beam
stiffness and consequently an increase in the resonant frequency while opposing poles reduce the
stiffness but also present a problem of attachment in the event of over-travel by the beam. The
cantilever/mass assembly has a natural frequency of 26.2 Hz. Through application of the magnets and
adjustment of the separation distance dx of the magnets, they were able to tune the frequency between
22 Hz and 32 Hz. Using the same calculation above, this results in a reduction of 31%.

(c)
Figure 39 Magnetic assist by Challa et al (a) magnet configuration that increases the effective stiffness of
the beam (b) magnet configuration that decreases the effective stiffness of the beam. (c) Device schematic
showing positions of components [20].

Hu et al [54] describes a model for a piezoelectric cantilever capable of applying a tensile or
compressive loads to the end much like the device demonstrated by Leland and Wright. The model
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demonstrates that if such a device were constructed it would have a very broad tuning range, 60 Hz to
170 Hz, with power densities on the order of 40 µW/cm3. Frequency tuning is accomplished by
adjusting a screw that is integrated or coaxial with the support layer in a bimorph piezoelectric
cantilever. Figure 40 shows the authors suggested design.

Figure 40 Schematic of Hu et al method to load a bimorph cantilever [54].

3.5 Power Results of the XMR
Figure 41 shows the power output of the original prototype device at several frequencies and
2
accelerations. The power is calculated as P = Vrms
RL where RL is a fixed load resistance of

490 kΩ. It should be noted that the load was not impedance matched and only a single film was
producing power. With both films operating, the power doubles. Impedance matching, where the load
resistance is equal to the internal resistance of the piezoelectric device will allow the device to produce
its maximum power.
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Figure 41 Power vs. acceleration for the prototype XMR.

Initial results at the lower acceleration amplitudes indicate a lesser dependence on frequency.
The results in Figure 42 show the data from the linear region of the power-acceleration relationship. A
statistical regression was performed on the data in this plot using Minitab software (State College, Pa.)
to determine the primary influence on power production. The two inputs evaluated are acceleration
amplitude and resonant frequency. The results report a p-value which is a measure of probability that a
hypothesis of a particular regression coefficient should be rejected. Typically, p=0.05 is taken as the
boundary between large and small. Regression of the data in Figure 42 to a model

log P = log( K ) + β log( A2 )

(3.7)

where log(K) and β are arbitrary constants returns log(K)=0.627 and β=0.818 with p=0.000 for both
terms. This implies that the terms are likely significant. Now if the data are regressed to

log P = log( K ) + α log( f N ) + β log( A2 )

(3.8)

where α is a constant for the log(fN) regression term relating to resonant frequency, the results are pvalues of p=0.000 for β, and p=0.427 for α. This means that the power output term may be
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significantly related to the acceleration amplitude but not significantly related to the resonant
frequency [24].

Figure 42 Power vs. acceleration of the prototype XMR at low acceleration amplitudes.

3.6 Conclusions
The extensional mode resonator (XMR) described in this chapter exploits the nonlinear forcedeflection characteristics of a membrane to create a highly tunable piezoelectric vibration harvesting
device. By rigidly coupling two piezoelectric membranes in the manner described, the nonlinearities
cancel to create a linear spring with a highly variable spring constant. A piezoelectric vibration
harvesting device with a repeatable frequency adjustment range greater than 150 Hz has been
demonstrated. The large natural frequency adjustment range is beneficial in that a single vibration
harvester model can generate substantial power in many different vibration environments. Analysis of
power output demonstrates a strong dependence on acceleration amplitude with less dependence upon
resonant frequency.
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CHAPTER FOUR
4 MODEL DEVELOPMENT OF THE RXMR

This chapter is principally a reproduction of a paper submitted for publication in Journal of Sound and
Vibration in 2009. Sections written by co-authors T. Luedeman, D. Morris, M. Anderson, and D. Bahr,
have been paraphrased where possible but the structure and derivations are mostly duplicated.

4.1 Introduction
Improvements in wireless communication and sensing techniques, along with the reduction of
power consumption in current microelectronics are driving demand for structural health monitoring
systems. Although power consumption is low, battery life remains a critical factor in installation of
distributed sensor networks. Because battery exchange requires considerable manpower, techniques
are under investigation that can charge batteries or alternatively super capacitors as a means to extend
the service life of installed networks. A larger concern is the installation that is either dangerous or no
longer accessible for battery exchange. Solar generated power is ubiquitous, but is not a universal
solution. A solution is required for installations that may not have or may not want solar exposure.
Vibrations are available in many instances and can provide the critical energy input for the
piezoelectric class of materials. Researchers are investigating vibration harvesting utilizing various
self energizing techniques including electromagnetic in both a cantilever configuration [1-3] and
single membrane form [4, 5], and piezoelectric, principally as cantilevers [6, 7]. A number of recent
reviews discuss harvesting theory, techniques, and performance [8-11, 55].
A critical issue with most resonating harvesters is their best performance occurs at a single or
very narrow frequency range. Therefore, many devices must be designed for and limited to a known
environment. Adjustable resonant tuning provides flexibility in a device and the opportunity to
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maximize power generation. Literature shows limited cases of resonant tuning and can be described as
external electrical control [16, 17], beam compression techniques [18, 19, 54], beam stiffness change
through piezoelectric effect [18], beam stiffness change through magnetic field application [20],
decoupling [21], cantilever arrays [22], or frequency rectification [23].
An issue with the cantilever design is the reduction in power output as the driving frequency
increases. An accepted model predicting the maximum power of a cantilever harvester as postulated
by a number of researchers [1, 8, 11, 29, 42] is shown in Eq. (4.1) and a conditional form, as suggested
by Morris et al. [24] is written as Eq. (4.2)

Π =

mζ E A2
bE m 2 A2
=
,
4ωζ T2
2 ( bE2 + 2bEbM + bM2 )

(4.1)(4.2)

where A is the acceleration amplitude, ζE and ζT are the electrical and total dimensionless damping
coefficients, and bE and bM are the electrical and mechanical damping coefficients. The equation
assumes that the natural frequency, ωn, equals the driving frequency, ω. From Eq. (4.1) it is apparent
that as the driving frequency increases, the power generated is reduced if the damping coefficients
remain constant with frequency. The conditions of Eq. (4.2) assume the damping terms bE and bM
remain constant with changes in device stiffness. This removes the dependence on frequency for
electrical power generation.
The extensional mode resonator (XMR) [24] is constructed of piezoelectric films, in this case
polyvinylidene fluoride (PVDF), that suspend a mass to a rigid frame. As the frame vibrates, the
compliance of the films permits the mass to oscillate about a neutral axis which alternately stretches
the films. The alternating strain cycle applied to the films generates electricity through the direct
piezoelectric effect. The unique geometry of the XMR permits simple adjustability of the resonant
frequency through a change in stiffness rather than a change in mass. Initial experiments with the
XMR device appear weakly dependant upon resonant frequency and more strongly affected by
mechanical damping (bM in Eq. (4.2)).

53

An advantage of the XMR design (Figure 43) is the ability to utilize stretching rather than
bending mode for generating the piezoelectric effect. The initial prototype device presented in the
previous chapter utilized circular membranes. During the development of the following model it was
determined that although the circular XMR model is more structurally stable, it had lower power
output due to a strain gradient as a result of its circular design. In the case of the rectangular version,
all strains are uniaxial and uniform. Because there is no strain gradient as in the circular XMR or a
cantilever [6], the entire active area of the films produce power effectively. The implications of
geometry changes to the device stiffness and frequency are shown in the following model section
followed by verification of the model with an experimental prototype device.

Figure 43 Schematic for mechanical function of the XMR device.
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Figure 44 Schematic for electrical function of the device.

4.2 Dynamic Model
Consider the schematic diagrams of the eXtentional Mode Resonator shown in Figure 43 and
Figure 44. They illustrate the mechanical and electrical function of the device. As shown in Figure 43,
the device consists of a moving mass m and adjustable frame. Four PVDF films, of unstretched length
Lo, width w (into the plane of the figure), and thickness h are fixed to the moving mass and the central
hub of the frame. The central hubs are moved vertically a distance up from the moving mass to preload
the films and deform them to the dimension L . The frame is moved at a specified inertial acceleration

u , while the inertial displacement of the mass is z, and the displacement of the mass relative to the
moving frame is ∆u. While m executes relative movements ∆u, the instantaneous length L of each film
is L = L + ∆L , where ∆L is the stretch of each film caused by the movements ∆u. In Figure 44 the
electrical function of the upper and lower films are shown symbolically. The top and bottom
electrodes on the upper and lower sections are connected, so as to form the potentials ∆Vu and ∆Vl
respectively. The polarity of the upper and lower films are indicated by “+” and “-”, where the polarity
is referenced to the free charge attracted to the electrode. The currents iu and il flow into the top
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electrodes of the upper and lower films. A load resistor RL is placed as shown to model harvesting of
electrical energy, and the remaining electrodes will be connected such that iu=il.
The objective is to develop a model that will predict the time-averaged power Π dissipated in
a resistor placed across the electrodes of the XMR given a specified acceleration u . In what follows,
Newton’s second law will be derived for the vertical motion of m, and the electromechanical coupling
of the PVDF film to a load resistor placed across the electrodes will be determined.
To derive the mechanical response of the device, consider the free-body diagram of the mass
in the deflected condition shown in Figure 45. Neglecting gravity, the only forces on the mass
originate from the stretching of each PVDF film. Denote N as the axial force of a PVDF film on m,
and Fv as the vertical component of the axial force N.

Figure 45 A free-body diagram for the mass m.

Furthermore, the vertical reactions are subdivided in Fv+ and Fv- depending upon whether they
originate from the upper or lower films respectively. The force Fv can be computed from Fv=Ncosα,
where the angle α is subscripted as αu and αl for the upper and lower films shown in Figure 43 and
Figure 45. The axial force N can be computed from the constitutive equations for the film [56]

S1 = −d31E3 + s11E T1 ,
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(4.3)

T
D3 = ε 33
E3 − d31T1 ,

(4.4)

E
T
, and ε 33
are the
where S, T, E, and D are strain, stress, electric field and electric displacement; d31, s11

piezoelectric coefficient, mechanical compliance and electric permittivity; the 1-direction is along the
film axis and the 3-direction is in the film thickness direction. In Equations (4.3) and (4.4), the upper
films are assumed to be oriented such that a release in tension associated with positive movements ∆u
of m cause a positive voltage at the top electrode, consistent with Figure 44. Consequently, the
piezoelectric coefficient d31 is taken to be negative. The constitutive model, Equations (4.3) and (4.4),
assumes that the stress in the 2-direction is zero (T2=0), and that the films are free to contract in the 2direction. This is a simplifying assumption in the model, and its quantitative effect will be neglected at
this point in time. Given that T1=N/wh because a tension on an upper film is a force Fv in the opposite
direction on m, Fv=Ncosα, S1=∆L/Lo, and ∆V = −

∫

h

0

E3dz , Equation (4.3) can be rewritten for the

upper and lower films as

Fv+ =

wh ∆L
d w
cos α u + 31E cos α u ∆Vu
E
s11 Lo
s11

(4.5)

Fv− =

wh ∆L
d w
cos α l − 31E cos α l∆Vl
E
s11 Lo
s11

(4.6)

The component of the force Fv- induced by the voltage ∆Vl on m from the lower film is negative
because the polarity of the lower films are opposite that of the upper films. To obtain a linear model, it
is assumed that ∆u of m is small, and linearization of Equations (4.5) and (4.6) results in

⎧
⎫
⎧
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
u
wh
1
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1
d w up
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⎪
⎪
⎪
⎪⎪
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Fv+ = E
− E ⎨1 −
∆u − 31E
∆Vu , (4.7)
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⎪⎩ ⎣⎢ ⎝ Lo ⎠ ⎦⎥ ⎪⎭
⎪⎩ ⎣⎢ ⎝ Lo ⎠ ⎦⎥ ⎪⎭
⎣⎢ ⎝ Lo ⎠ ⎦⎥
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The terms in Equations (4.7) and (4.8) above are caused by static extension of the films,
displacements ∆u caused by movement of the mass, and the voltages ∆Vu and ∆Vl induced across the
electrodes of the upper and lower films. The total vertical force F on m from all four films then is

F = 2 Fv+ + 2 Fv− = − s∆u − Ψ∆Vu − Ψ∆Vl ,

(4.9)

where

⎧
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⎪
⎪
⎪
wh ⎪
1
⎪
s = 4 E ⎨1 −
⎬
3
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s11L o ⎪ ⎡ ⎛ u ⎞2 ⎤ ⎪
p
⎪ ⎢1 + ⎜ ⎟ ⎥ ⎪
⎪⎩ ⎣⎢ ⎝ Lo ⎠ ⎦⎥ ⎭⎪
Ψ=2

d31w up
1
.
E
s11 Lo ⎡ ⎛ u ⎞ 2 ⎤1 2
⎢1 + ⎜ p ⎟ ⎥
⎢⎣ ⎝ Lo ⎠ ⎥⎦

(4.10)

(4.11)

Physically, s is a mechanical stiffness, and Ψ is a coupling coefficient with units of N/V.
There are two components of s, one given by the extensional stiffness of the four films, and the other
being a geometric dilution parameterized by the ratio up/Lo. Similarly, Ψ consists of a component that
would be expected from extensional strains, and a geometric dilution. Newton’s second law for the
motion of the mass is

F − Rm ( z − u ) = mz ,
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(4.12)

where Rm is a coefficient of mechanical damping. Using the fact that z=u+∆u, letting u =-A(t), and
using Equation (4.9) for F, Newton’s law, Equation (4.12), for m becomes

m∆u + Rm ∆u + s∆u + Ψ∆Vu + Ψ∆Vl = mA ( t ) .

(4.13)

To derive the electrical response of the device, voltage-current laws are derived for the upper
and lower films shown in Figure 44. Starting with one of the upper films, elimination of the stress T1
from Equations (4.3) and (4.4) gives

d312 ⎞
d
T ⎛
−
D3 = ε 33
1
E − 31
S1 .
⎜
E T ⎟ 3
E
s
ε
s
11 33 ⎠
11
⎝

∫ ( ) dz , using the fact that ∆V
h

Upon integrating

0

u

(4.14)

h

= − ∫ E3dz , ∂D3 ∂z = 0 within the piezoelectric
0

material, and S1 = ∆L Lo , Equation (4.14) becomes

d312 ⎞
d31 ∆L
T ⎛
hD3 = −ε 33
.
⎜1 − E T ⎟ ∆Vu − E h
s11 Lo
⎝ s11ε 33 ⎠

(4.15)

Next, integrate over a volume of infinitesimal thickness enclosing the interface between the electrode
and the piezoelectric film. This operation converts Equation (4.15) to

d312 ⎞
d
∆L
T ⎛
1
−
wLohD3 = −ε 33
wLo∆Vu + 31
wLoh
.
⎜
E T ⎟
E
s11
Lo
⎝ s11ε 33 ⎠

(4.16)

To obtain a linear model for the upper films, ∆L/Lo is approximated for small motions ∆u, the quantity
wLoD3 is equated to the total free charge Q attracted to the electrode, and Equation (4.16) is multiplied
by two to reflect the fact that the two top and bottom electrodes are common. Additionally, it is
assumed that charge caused by static deformation has been dissipated. One then obtains

−Qu = −C ∆Vu + Ψ∆u ,
where Qu is the total free charge attracted to the top electrodes on the upper films and
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(4.17)

⎛

ε 33T ⎜1 −
C=2

⎝

d312 ⎞
wLo
T ⎟
s11E ε 33
⎠
.
h

(4.18)

The derivation for the lower films is similar, only that the polarity orientation of the film is reversed,
and positive movements of the mass ∆u lead to extensional strains. For the lower films, the voltagecurrent law then is

−Ql = −C ∆Vl + Ψ∆u .

(4.19)

As a final step, the circuit is completed by connecting the bottom electrode on the upper films to the
top electrodes of the lower films. Then, iu=il and V=∆Vu+∆Vl=-iuRL, and the time derivative of the
circuit equations for the upper and lower films are summed to obtain

V
+ Ψ∆u ,
CoV = −
RL

(4.20)

where

⎛
d312 ⎞
ε ⎜1 − E T ⎟ wLo
C
⎝ s11ε 33 ⎠
.
Co = =
2
h
T
33

(4.21)

Equations (4.13) and (4.20) constitute a model for the device, where the acceleration of the frame A(t)
is the input, and there are two equations for the unknowns V and ∆u.
4.3 Electric Circuit Analysis and Energy Harvesting Capability
The model for the XMR device has a circuit analogy that is useful for analysis of power
harvesting capability. Consider the circuit diagram shown in Figure 46. With the definitions of voltage
mA(t)/Ψ and current Ψ ∆ u , and the components R=Rm/Ψ2, L=m/Ψ2, and C=Ψ2/s, the circuit shown in
Figure 46 can be verified to have the same governing equations as Equations (4.13) and (4.20).
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Figure 46 Equivalent circuit diagram for the device (Equations (4.13) and (4.20)).

Furthermore, the natural frequency of the RLC circuit is
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1
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(4.22)

and the quality factor Q is
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(4.23)

Given a harmonic frame acceleration of amplitude A, it is necessary to specify the optimal frequency
of operation and load resistance RL. It has been shown [57, 58] that in the limit of low damping,
optimal power production is obtained at two frequencies, the resonance frequency ωn given by
Equation (4.22) and the anti-resonance frequency. When damping becomes larger and exceeds a
particular limit, called the bifurcation damping ratio [58] there is a single frequency for optimal power
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production. The value of the bifurcation damping ratio is determined by the effective
electromechanical coupling factor of the device. The performance of the XMR is not analyzed at this
level of detail, instead the scope is restricted to the case that the damping is low, and power production
is computed at the natural frequency ωn.
It is straightforward to compute power, ΠL, dissipated across the load resistor, RL beginning
with the fundamental definition of power written as
2

⎡ ⎛ Vl ⎞* ⎤ Vl L
L
,
Π L = 12 Re ⎡Vl L I ⎤ = 12 Re ⎢Vl L ⎜
⎟ ⎥=
⎢⎣
⎥⎦
⎜
⎢ ⎝ RL ⎟⎠ ⎥ 2 RL
⎣
⎦
*

(4.24)

where VˆL and IˆL are the complex amplitudes of voltage and current, and * indicates the complex
conjugate of the variable. From the equivalent circuit diagram and electromechanical model, the
equation for the voltage across the load resistor can be determined as

Vl L =

1
⎛ 1
⎞
R⎜
+ jωn Co ⎟ + 1
⎝ RL
⎠

mA
.
Ψ

(4.25)

Performing the magnitude calculation using complex conjugates yields the following expression for
the numerator in the power equation

1

2

Vl L =

2

⎛ R ⎞
⎛ R ⎞
2
⎜ ⎟ + 2 ⎜ ⎟ + (ωn RCo ) + 1
⎝ RL ⎠
⎝ RL ⎠

m 2 A2
.
Ψ2

(4.26)

Finally, substitute Equation (4.26) into the Equation (4.24) to arrive at

Π=

1 1
1
m 2 A2
.
2 RL ⎛ R ⎞ 2
Ψ2
⎛ R⎞
2
⎜ ⎟ + 2 ⎜ ⎟ + ( RCoωn )
⎝ RL ⎠
⎝ RL ⎠

(4.27)

The optimal load resistance RL,o is found by maximizing the time-average power Π. By differentiation
of Π from Equation (4.27), the optimal load resistance RL,o is found to be
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RL,o =

R
1 + ( RCoωn )

2

.

(4.28)

Given an optimal load resistance RL,o specified by Equation (4.28), the corresponding optimal timeaveraged power dissipation Πo from Equation (4.27) will be

Πo =

1
1
m 2 A2 .
2
4 Rm 1 + ( RC ω ) + 1
o n

(4.29)

4.4 Prototype Device
A prototype XMR was fabricated for experimental verification of the model. The active
components of the device occupied a net volume of 21 cm3. The total live mass of the device was
82.3 g. Commercially available PVDF film (Measurement Specialties, Inc.) was used as the
piezoelectric element. Properties of the film provided by the manufacturer and other device constants
are contained in Table 3.
Table 3 Device geometry constants and PVDF film properties.

m [g]

82.3

Lo [mm]
w [mm]
h [µm]

22
23.95
119

s11E [m2/N]

3.65E-10

d31 [C/N]

-2.30E-11

ε33T [C/V/m]

1.10E-10

k31 [%]

1.15E-01

4.5 Electrical Impedance
Electrical impedance experiments were conducted with an Agilent 4294A precision
impedance analyzer to determine the circuit parameters Co, R, L, C and k2. The electromechanical
coupling coefficient k2 is defined as the ratio of energy converted by the system divided by the energy
input into the system. The impedance sweep data (Figure 47) was curve fit using a least squares fit in
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which variables Co, R, L, and C were allowed to change. The mechanical damping Rm was calculated
using the measured R from the impedance sweep, Equation (4.11), and the relationship Rm=RΨ2.
Results from the impedance sweep were also used to find the optimal load resistance RL,o in order to
achieve a matched impedance power experiment. The films were connected in series so that
measurements captured the values of the device rather than the individual film elements. An electrical
impedance measurement was conducted at each tension screw setting up, as the circuit parameters
depended upon the device geometry as discussed in Section 4.2 Dynamic Model.

Figure 47 Measurement of electrical impedance and curve fit for circuit parameters R, L, C, Co and k2.

4.6 Mechanical Vibration and Power Output
The schematic for the power measurement experiment is detailed in Figure 48. The XMR
device was mounted to a MB Electronics EA1250 vibration head driven with a MB Electronics 2120
amplifier. The input signal to the amplifier (both white noise and fixed sine) was generated by an
Agilent 35670A Dynamic Signal Analyzer (DSA). Accelerations were measured with a Bruel & Kjaer
Type 4395 accelerometer mounted to the vibration head. The impedance matched resistive load was
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provided by an AEMC BR07 decade resistance box. Measurements were conducted at room
temperature. Temperature effects were observed during other extended run experiments and caused
~10% reduction in power when the room temperature increased by ~5°C but were not observed in the
short time span of the present experiments.

Figure 48 Apparatus used to perform power output experiment from a controlled vibration source.

The typical power measurement series was conducted by first exciting the XMR with white
noise in order to determine the resonant frequency. In addition to providing the source signal, the DSA
was used to capture the XMR and accelerometer output voltages and to plot the transfer function of
mechanical excitation shown in Figure 49. In this experiment the transfer function was defined as the
output RMS open circuit voltage of the XMR divided by the acceleration. Open circuit condition
refers to the absence of an electrical load across the film elements. The resonant frequency was
identified by the maximum in the transfer function. Once the resonant frequency was found, the XMR
was excited with a fixed sine signal at that resonant frequency at multiple accelerations. A feature of
the DSA enables the use of measurement averaging (in this case, 50 measurements) to improve the
2
resolution in VRMS for each acceleration setting. Power was calculated from P = VRMS
RL where RL is

the total load resistance of the system (load from the decade box parallel to load from the DSA). When
all the desired measurements were collected, the XMR was tuned to a new resonant frequency by
adjusting the tension screws. This step changed the up position and the initial tension in the films. For
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each position up, a new impedance measurement was conducted. Once the impedance measure was
made, the power experiment was repeated.

Figure 49 Transfer function vs. frequency of the XMR device. Peak indicates the resonant frequency of
the oscillator.

4.7 Results
In this section, results of impedance and mechanical vibration measurements as described in
Sections 4.5 and 4.6 are presented. These measurements allow comparison of measured and
theoretically predicted device parameters and power output. A discussion of properties of the device as
predicted by the theoretical model follows in Section 4.8.
4.7.1 Impedance Tests and Device Parameters
Table 4 provides a comparison of the XMR properties obtained in the impedance experiment
with the values determined from the theoretical model. The model provides the fundamental values
from geometry and materials properties to calculate the terms in Table 4 using the additional
relationships C=Ψ2/s, L=Ψ2/m, k2=C/(C+Co),and fn=ωn/2π. The geometric term up was selected to
obtain nominal natural frequencies of fn=120 Hz, 150 Hz, and 180 Hz, shown in Table 4.
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Table 4 Configuration, impedance measurements, and theoretical predictions for nominal natural
frequency of fn=120 Hz, 150 Hz, and 180 Hz. (119 µm film)
120 Hz
Theoretical %
Parameter Measured Prediction Diff
up [mm]
3.59
1.32
εo [%]
461
479
-4
Co [pF]
7.85
R [MΩ]
L [kH]
473
349
36
C [pF]
3.81
4.29
-11
0.82
0.89
-8
k2 [%]
119
130
-8
fn [Hz]
1.36
Rm [Ns/m]
0.417
0.485
-14
Ψ [mN/V]
s [kN/m]
45.7
54.9
-17
2.48
R*Co*ωn

150 Hz
Theoretical
Measured Prediction % Diff
4.62
2.18
453
479
-5
7.06
308
214
44
3.72
4.31
-14
0.81
0.89
-9
149
166
-10
1.89
0.517
0.62
-17
71.7
89.1
-20
2.99

180 Hz
Theoretical
Measured Prediction % Diff
5.67
3.27
458
479
-4
6.14
212
145
46
3.76
4.33
-13
0.81
0.9
-10
178
201
-11
2.39
0.624
0.753
-17
103
131
-21
3.15

Consider the measurements and predictions contained in Table 4 in which the XMR was
configured to have a natural frequency of 120 Hz. Referring to the second column, a value of
up=3.59 mm was selected. Because the value of Lo is known, and the assumption that the film elements
are identical, it is straightforward to calculate a static strain of 1.32% in each film. Electrical
impedance measurements gave the values shown in column two for Co, R, L, C and k2. Derived further
from the impedance measurements was Ψ = mL , fn = 1 2π LC , and s=Ψ2/C. Presently, the scope
of the theoretical model does not include an a priori prediction of damping Rm. In the third column of
Table 4 are theoretically predicted values of the device parameters using the expressions contained
above and in Sections 4.2 and 4.3. The fourth column shows the difference between the measured
value and theoretical prediction expressed in percent. Columns 5-7 and 8-11 in Table 4 follow the
same format as columns 2-4.
The fundamental properties of the XMR device can be divided into two categories. The first
category composed of s, Ψ, Co, and Rm are fundamental properties of the device. The second category
of device parameters are those derived from s, Ψ, Co, and Rm. These include effective
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electromechanical coupling factor k2, and the product RCoωn. The product RCoωn is discussed in
Section 4.8 regarding power generation.
Referring to Table 4, it can be seen that the difference between theoretically predicted and
measured values for s, Ψ, and Co ranged from 4-21%. The predicted coupling factor and stiffness
consistently exceeded their measured values by approximately 15-20%. The model prediction of
natural frequency was within ∼10% of the measured value. For several reasons, the agreement was
thought to be reasonable for a first order predictive model. PVDF properties, s11E, d31, and h used in
the model prediction were nominal values reported by the manufacturer (Measurement Specialties),
and were not confirmed by independent measurement. It was unknown whether the manufacturer’s
specification for the permittivity is consistent with the tensor assumptions regarding ε33T in
Equation (4.4). There was no attempt to compensate these properties for the relatively large amount of
static strain encountered during operation. For a first approximation, the model seems to be valuable
for predicting s, Ψ, and Co based only upon material properties and device geometry.
From Table 4, it was observed that the predicted and measured effective mechanical coupling
coefficient k2 was slightly less than 1%. At most, the predicted and measured value of k2 differed by
10%.
4.8 Mechanical Vibration and Power Output
A comparison of power output at the three nominal natural frequencies of 120 Hz, 150 Hz,
and 180 Hz is shown in Figure 50 corresponding to the configurations described in Table 4. To
compute a predicted power output using Equation (4.29) it was necessary to use a value for Rm
obtained from impedance measurements of R, i.e., Rm=RΨ2. Multiple measurements of power were
made for each device configuration to get an estimate of scatter. Maximum power outputs of 2.9 mW,
4 mW, and 4.4 mW were observed for acceleration amplitudes about ½ g and 9.4 mW and 9.5 mW at
just under 1 g. The power output agreed very closely with theoretical predictions for small acceleration
amplitudes, 1.3 m/s2, 3 m/s2, and 7 m/s2, for nominal natural frequencies of fn=120 Hz, 150 Hz, and
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180 Hz respectively. At higher acceleration amplitudes, the predicted power output exceeded the
measured values. This behavior would be expected, as the mathematical model assumed small motions
of the proof mass. In a previous analysis, it was shown that the departure from a linearized analysis
should occur at larger acceleration amplitudes as the ratio up/Lo increased [24]. The measurements
shown in Figure 50 are consistent with this analysis.

Figure 50 Comparison of predicted power output vs. acceleration for the XMR configured with nominal
natural frequencies of 120, 150, and 180 Hz.

Referring to Table 4, the product RCoωn for each configuration was in the range 2.48-3.19, and
according to Equation (4.29) would contribute little to changes in power output. It is apparent that the
power output was not identical for the XMR configured for different natural frequencies, but the
difference was attributed to a change in mechanical damping. Consequently, these measurements
indicate that the power output changes little with the natural frequency of the device, but instead
depends predominantly upon the amount of inherent mechanical damping in this device.
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Figure 51 shows the results of multiple power measurements of the XMR in incremental steps
of approximately 10 Hz. This figure reinforces the notion that power output is less dependent upon
frequency as the data merge in the 2-3 m/s2 acceleration range. The scatter at lower frequencies is not
fully understood. Roll-off of the data at larger acceleration amplitudes is consistent with previously
observed behavior.

Figure 51 Power output vs. acceleration for the XMR across a broad range of frequencies. Device was
constructed with 119 µm films.

Figure 52 shows the results for power vs. acceleration of the XMR using 9 µm films. A
comparison is not possible to theoretical values as the range of the impedance analyzer has a minimum
frequency of 40 Hz. Consequently, the internal resistance term (R) used to calculate the mechanical
damping (Rm) was not available. At this point an a priori value for mechanical damping Rm is not
available. Rather than calculating an optimal resistance, the experiment was conducted by sweeping a
range of resistances on the decade box and measuring the resulting voltage across the load. Power was
calculated and plotted to determine the films potential to produce power and to observe any trends.
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The results for 40 Hz appear to be much lower than expected. This may be a result of single
film operation. The trends of the 48 and 59 Hz curves are in line with previous results where the lower
frequency plot lies just above the higher frequency plot, but in general there is not a large digression
between power values for a given acceleration. Also observed is the beginning of a power roll-off of
the 58 Hz data at about 2 m/s2 (this is more evident in other figures such as Figure 41 and Figure 50).

Figure 52 Power output vs. acceleration for the XMR configured with nominal natural frequencies of 40,
48, and 59 Hz. Device was constructed with 9 µm films.

The results for a 28 µm film device are shown in Figure 53 and Table 5. Again, the data
matches well with low acceleration amplitudes (<2 m/s2) and diverges beyond. The roll-off is not as
well defined (not enough data points) but the divergence would indicate the start of this event.
Predicted values for s, Ψ, and Co ranged from 3-17% compared to the measured values. The predicted
coupling factor and stiffness differences were slightly lower than reported for the 119 µm film;
consistently exceeding their measured values by approximately 10-17%. The model prediction of
natural frequency was improved to within ∼5% of the measured value. The mechanical damping, Rm,
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increases with the resonant frequency. The results reinforce confidence in the predicative capabilities
of the model.

Figure 53 Comparison of predicted power output vs. acceleration for the XMR configured with nominal
natural frequencies of 70, 80, and 90 Hz. Device was constructed with 28 µm films.

Table 5 Configuration, impedance measurements, and theoretical predictions for nominal natural
frequency of fn=70 Hz, 80 Hz, and 90 Hz. (28 µm film)

Parameter
up [mm]
εo [%]
Co [pF]
R [MΩ]
L [kH]
C [pF]
k2 [%]
fn [Hz]
Rm [Ns/m]
Ψ [mN/V]
s [kN/m]
R*Co*ωn

70 Hz
Theoretical
Measured Prediction % Diff
3.79
1.47
1920
2130
11..3
2.16
3.09
42.5
200
285
42.5
24.4
19.1
-21.6
0.0126
8.89E-03 -29.5
72
68.1
-5.4
0.884
0.884
0
0.639
0.535
-16.2
16.7
15
-10.6
1.88
2.82
50

80 Hz
Theoretical
Measured Prediction % Diff
4.41
1.98
1920
2130
10.9
1.67
2.41
45.1
147
213
45.1
26.9
19.2
-28.7
0.0128 8.91E-03
-35.4
80
78.7
-1.7
0.925
9.25
0
0.746
0.619
-17
20.7
20
-3.3
1.61
2.55
58.2
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90 Hz
Theoretical
Measured Prediction % Diff
4.8
2.35
1980
2130
8
1.74
2.53
45.3
124
181
45.3
25.1
19.2
-23.5
0.0125 8.92E-03
-28.6
90
85.4
-5.2
1.14
1.14
0
0.81
0.672
-17.1
26.2
23.5
-10.1
1.95
2.9
48.8

4.9 Uncertainty Discussion
Ordinarily, uncertainty analysis is applied to measured data. In this case, the only value
measured in the impedance experiment and the power experiment is voltage which can be determined
very precisely. The theoretical model incorporates values that are subject to uncertainty as well. For
example, any of the length terms such as Lo, up, w, and h have associated measurement uncertainties.
The materials parameters used in the calculations are typically the midrange values of the
manufacturers reported value so they have uncertainties as well.
Model predictions are compared to measured values to provide confidence in the results
expressed by the model. Model predictions rely heavily on the terms for stiffness s, and
electromechanical coupling Ψ. Both of these terms are composed of the aforementioned geometric and
materials property terms. Following is a derivation of the uncertainty for the theoretical values of s and
Ψ for the 120 Hz data in Table 4.
The total uncertainty is determined using the following equation
2

⎛ ∂f
⎞
ω = ∑ n ⎜ ∆xi ⎟ ,
⎝ ∂xi
⎠
2

(4.30)

where ω is the uncertainty, f is the function, xi is the parameter, ∆xi is the uncertainty of the xi
parameter and n is the number of independent parameters. When only the geometric terms are
included and the measurement uncertainty in each term is ∆w=0.5 mm, ∆h=0.02 mm, ∆Lo=0.1mm, and
∆up=0.2 mm, the uncertainty in s and Ψ are 11,064 N/m and 3.88e-5 N/V respectively. These equate to
a 20% uncertainty in s and an 8% uncertainty in Ψ. If the uncertainty for compliance s11E is included
where ∆s11E=1e-10, the uncertainties increase significantly to 18,692 N/m for s and 1.39e-4 N/V for Ψ,
an increase to 34% and 29% respectively. The complete analysis is shown in the appendices. Because
s and Ψ appear in many of the other relationships such as C, R, L, and ωn it is important to recognize
the propagation of this uncertainty to those values.
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4.10 Conclusions
A tunable vibration harvesting device with an active volume of 21 cm3 constructed of
piezoelectric films supporting a mass of ~82 g with the ability to vary the resonant frequency was
introduced. A model was developed that predicts the device performance from materials properties
and device geometry. Results from the predictive model were confirmed with experimental measures
with close correlation in the small deflection regime (small accelerations).
Model development included all the geometric and materials properties of the device. Model
dynamics were derived from Newton’s second law of motion. The results were incorporated with the
piezoelectric constitutive equations through an equivalent electrical circuit analysis to derive an
equation for power. An optimal power output was predicted and corroborated with experimental data
for a variety of frequencies and accelerations. Results at ½ g acceleration produced 3 mW to 4 mW at
three different frequencies while producing up to 9 mW at just under 1 g acceleration.
Model predictions indicated a dependence on both the frequency and mechanical damping. It was
shown that the damping has the greatest influence on performance. Experimental data supported this
observation.
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CHAPTER FIVE
5 EXCESS FILM MODEL DEVELOPMENT

5.1 Introduction
This chapter addresses the development of the excess film model, where the film has
additional length beyond 2Lo. It is imagined that different geometries will allow the XMR to generate
more power with the same acceleration input. Additionally, in the event that a composite structure of
piezoceramic and metallic foil were to be employed, it is apparent that the structure would not be
capable of sustaining the static strains necessary to provide a significant tuning range using the
previously described structure. Therefore, a strong motivation for the xs-model is to be able to predict
the performance and practicality of devices constructed with composite film structures that exceed the
initial dimension Lo such that the device operates in a regime where a tuning range is possible. It is
presumed a structure with an angle α approximately 45˚ would provide a suitable tuning range for
films with low strain capabilities. The intention is to develop the equations to predict power and
frequency performance when the film angle, α, is closer to 45˚. The development follows closely to
that presented in the previous chapter, and in fact, the dynamic and electrical portions are identical.
Therefore the bulk of this chapter deals with the effects of geometric changes to the device and
compares the model results with test results from a prototype device.
5.2 Geometric Effects
In general, the dimensional descriptions from Figure 43 apply. The differences are highlighted
in Figure 54 below.
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Figure 54 XS model geometric configuration (left) unstrained configuration, (middle) static strained film
due to up tension, (right) dynamic strained films due to base motion ∆u.

In the left image, the unstrained film length is equal to Lo+Lxs. In the middle image, the films have
been subjected to a static strain through the tensioning or tuning step up to a length L defined as
Lo+Lxs+Lup. In the image on the right, base motion causes the films to undergo dynamic strain. The
film length uses the previously defined term L = L + ∆L . Through geometric manipulation, the
following terms are derived

L0 + Lxs = L20 + u xs2 ,

(5.1)

L = L20 + ( u xs + u p ) ,

(5.2)

2

L = L + ∆L = L20 + ( u xs + u p − ∆u ) .
2

(5.3)

In this section, the total strain calculation and dynamic angle terms will be used to develop the
stiffness term, s, and coupling term, Ψ. Recall from the previous chapter Equations (4.5) and (4.6)
rewritten here for convenience

Fv+ =

wh ∆L
d w
cos α u + 31E cos α u ∆Vu ,
E
s11 Lo
s11

(5.4)

Fv− =

wh ∆L
d w
cos α l − 31E cos α l∆Vl .
E
s11 Lo
s11

(5.5)
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The Taylor approximations for

∆L
cos α and cos α utilizing the total strain will be used. The
Lo

same force equations are used but the result is different. See Mathematica derivation “RXMR xs
model w dynamic alpha.nb” in the appendices for details. The total force FT is written as

FTOT = 2 Fv+ + 2 Fv− .

(5.6)

Substitution of the linear Taylor approximation terms and simplification result in an equation for FTOT

L0 ( u p + u xs )
FTOT = −

2

4 wh
s11E

2
2
2
⎛
⎛ u p + u xs ⎞
⎛ u xs ⎞
⎛ u p + u xs ⎞ ⎞⎟
3⎜
1+ ⎜
⎟ + L0 ⎜ 1 + ⎜ ⎟ − 1 + ⎜
⎟
L0 ⎠
L0 ⎠ ⎟
⎝ L0 ⎠
⎝
⎝
⎝
⎠

⎛ u ⎞ ⎛ ⎛ u + u xs ⎞
L0 1 + ⎜ xs ⎟ L30 ⎜ 1 + ⎜ p
⎟
⎝ L0 ⎠ ⎜⎝ ⎝ L0 ⎠
2

⎞
⎟
⎟
⎠

3
2

)

(

2

2

∆u

2

3
⎛u ⎞
⎛u ⎞
L0 1 + ⎜ xs ⎟ (VL + VU ) ( u p + u xs ) + L20 ( u p + u xs ) + L0 1 + ⎜ xs ⎟ L20 (VL − VU ) ∆u
2 wd
⎝ L0 ⎠
⎝ L0 ⎠
.
+ E 31
3
s11
2
2 2
⎛ u ⎞ ⎛ ⎛ u + u xs ⎞ ⎞
L0 1 + ⎜ xs ⎟ L30 ⎜1 + ⎜ p
⎟ ⎟⎟
⎜
L
L
0
⎝ 0⎠ ⎝ ⎝
⎠ ⎠

(5.7)

Collecting terms and comparing the result to

FT = 2 FV+ + 2 Fv− = − s∆u + Ψ∆VU + Ψ∆VL

(5.8)

provides an expression for the stiffness s, written as

L0 ( u p + u xs )
s=

4 wh
s11E

2

2
2
2
⎛
⎛ u p + u xs ⎞
⎛ u xs ⎞
⎛ u p + u xs ⎞ ⎞⎟
3⎜
1+ ⎜
⎟ + L0 ⎜ 1 + ⎜
⎟ − 1+ ⎜
⎟
L0 ⎠
L0 ⎠ ⎟
⎝ L0 ⎠
⎝
⎝
⎝
⎠

⎛ u ⎞ ⎛ ⎛ u + u xs ⎞
L0 1 + ⎜ xs ⎟ L30 ⎜1 + ⎜ p
⎟
⎝ L0 ⎠ ⎜⎝ ⎝ L0 ⎠
2
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2

⎞
⎟
⎟
⎠

3
2

,

(5.9)

which can be reduced slightly to

(u
s=

p

+ u xs )

4 wh
s11E

2

2
2
2
⎛
⎛ u p + u xs ⎞
⎛ u xs ⎞
⎛ u p + u xs ⎞ ⎟⎞
2⎜
1+ ⎜
⎟ + L0 ⎜ 1 + ⎜
⎟ − 1+ ⎜
⎟
L0 ⎠
⎝ L0 ⎠
⎝
⎝ L0 ⎠ ⎟⎠
⎝

⎛ u ⎞ ⎛ ⎛ u + u xs ⎞
1 + ⎜ xs ⎟ L30 ⎜1 + ⎜ p
⎟
⎝ L0 ⎠ ⎜⎝ ⎝ L0 ⎠
2

2

⎞
⎟
⎟
⎠

3
2

.

(5.10)

Likewise, the expression for the coupling term Ψ is written as

Ψ=

2 wd 31
s11E

((u

+ u xs ) + L20 ( u p + u xs )
3

p

⎛ ⎛ u + u xs ⎞ ⎞
⎟
L30 ⎜1 + ⎜ p
⎜ ⎝ L0 ⎟⎠ ⎟
⎝
⎠
2

3
2

),

(5.11)

which simplifies to

Ψ=

2 wd 31
s11E

(u

p

+ u xs )

⎛ u + u xs ⎞
L0 1 + ⎜ p
⎟
⎝ L0 ⎠

2

.

(5.12)

It is seen that there is an additional term beyond the s and Ψ equivalences used in the previous
derivations that contains values of both ∆u and ∆Vx
2

XScoupling =

2 wd31
s11E

⎛u ⎞
L0 1 + ⎜ xs ⎟ L20 (VL − VU ) ∆u
⎝ L0 ⎠
⎛ u ⎞ ⎛ ⎛ u + u xs ⎞
L0 1 + ⎜ xs ⎟ L30 ⎜ 1 + ⎜ p
⎟
⎝ L0 ⎠ ⎜⎝ ⎝ L0 ⎠
2

2

⎞
⎟
⎟
⎠

3
2

,

(5.13)

which can be reduced to

XScoupling =

2 wd31
s11E
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(VL − VU ) ∆u
⎛ ⎛ u + u xs ⎞
L0 ⎜1 + ⎜ p
⎜ ⎝ L0 ⎟⎠
⎝

2

⎞
⎟
⎟
⎠

3
2

.

(5.14)

Because of the nonlinear nature of this term (a function of both ∆u and Vx), it is assumed to not
significantly contribute to the model and will be neglected at this point consistent with the
approximation.
5.3 Development of Power Equations
The development of the power equations follows directly from the previous model
development as well as the optimal resistance term because the electrical mechanical equivalent model
has not changed. What has changed are the values for Co, R, and ω in the resulting equations. For
convenience, the developed equations are shown

1 1
1
m 2 A2
Π=
,
Ψ2
2 RL ⎛ R ⎞ 2
⎛ R⎞
2
⎜ ⎟ + 2 ⎜ ⎟ + ( RCoωn )
⎝ RL ⎠
⎝ RL ⎠
R=

Rm
,
Ψ2

(5.15)

(5.16)

and

RL,o =

R
1 + ( RCoωn )

2

.

(5.17)

Substituting the optimal resistance equation (5.17) into the power equation (5.15) results in

Πo =

1
1
m 2 A2 .
4 Rm 1 + ( RC ω )2 + 1
o n

(5.18)

The geometric changes associated with the xs-model impact the equations for R and Co minimally,
however ωn is changed significantly. Changes to Co are limited to the increased area of the electrodes
due to the addition of film over the relatively planar geometry of the RXMR in Chapter 4. Resistance
changes are seen due to the coupling term Ψ. Frequency has a significant change because the excess
film affects the no strain position. If one were to substitute an ideally linear elastic material in place of
the current material that undergoes changes in modulus due to strain, it may be expected that the
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previous model derivation for frequency would still apply. The revised equations for these variables
which use the dynamic form of cosα are shown here

(u
ω=

p

+ u xs )

4 wh
s
=
m
ms11E

2

2
2
2
⎛
⎛ u p + u xs ⎞
⎛ u xs ⎞
⎛ u p + u xs ⎞ ⎞⎟
2⎜
1+ ⎜
⎟ + L0 ⎜ 1 + ⎜ ⎟ − 1 + ⎜
⎟
L0 ⎠
L0 ⎠ ⎟
⎝ L0 ⎠
⎝
⎝
⎝
⎠

⎛ u ⎞ ⎛ ⎛ u + u xs ⎞
1 + ⎜ xs ⎟ L30 ⎜1 + ⎜ p
⎟
⎝ L0 ⎠ ⎜⎝ ⎝ L0 ⎠
2

⎛

ε 33T ⎜1 −
C0 =

⎝

2

⎞
⎟
⎟
⎠

3
2

,

d 312 ⎞
w L20 + u xs2
T ⎟
s11E ε 33
⎠
,
h

(5.19)

(5.20)

and

R=

Rm
Rm
=
2
Ψ
⎛
⎜
⎜ 2wd31
( u p + uxs )
⎜ E
2
⎜ s11
⎛ u p + u xs ⎞
L0 1 + ⎜
⎜⎜
⎟
⎝ L0 ⎠
⎝

⎞
⎟
⎟
⎟
⎟
⎟⎟
⎠

2

.

(5.21)

Substitution and simplification of the terms above into the power equation provides an equation for
power written as a function of materials properties and geometry as follows

Πo =

m 2 A2
*
2 Rm

1
.
⎡
⎤
2 ⎛
2
2
2 ⎞⎞
2 E
2
2
2
2
2⎛
2
2
2
2
E T 2
Rm s11 Lo + uxs Lo + ( up + uxs ) ⎜ − ( up + uxs ) Lo + ( up + uxs ) + Lo ⎜ Lo + uxs − Lo + ( up + uxs ) ⎟ ⎟ ( d31 − s11ε 33 ) ⎥
⎢
⎝
⎠⎠
⎝
⎢2 + 2 1 +
⎥
4
4
⎢
⎥
4d31hm ( up + uxs ) ω
⎢
⎥
⎣⎢
⎦⎥

(5.22)
A plot of the acceleration normalized power equation for varying values of uxs is shown in
Figure 55. The geometric and materials terms are held constant and are taken from the 120 Hz data set
in Table 4 from the previous chapter. The material is 119 µm PVDF film with an 82.3 g mass.
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Figure 55 Plot of power function vs. uxs. Acceleration normalized power variation with changes in excess
film length for a device configured with 119 µm film, 82.3 g mass, and dimensions of Lo= 22 mm,
w= 24 mm, and up= 3.59 mm.

The plot in Figure 55 indicates that the power achieves a maximum at a value of
uxs=Lo=22 mm that corresponds with an α=45˚. Once beyond this point, the power stays essentially
constant. The general shape of the curve can be explained based on the changes in geometry that occur
with incremental additions to the film length. When uxs=0, the smallest increase allows the films to be
affected by the vertical force from mass oscillations. Further increases to uxs allow a larger portion of
the vertical motion to come to bear on the films, increasing strain and producing more power. The
steep initial slope continuously decreases as more film is added. This would be expected as the change
to the geometry requires an increasing amount of film to generate another degree of angle change.
The plot shown below in Figure 56 compares the RCoωn term to changes in excess film length,
uxs. The term RCoωn, defined by others as the dimensionless time constant, [57, 58] is seen to decrease
dramatically with the smallest increase in film length beyond uxs=0. This response to geometry change
is clearly the explanation to the change in power as the term is prominent in the power equation,
Equation (5.18), and the mechanical damping term Rm is held constant. This provides insight into the
effect geometry plays on the power output. In practice, measured power is likely to diminish because
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of the strong influence that Rm has on power output and as the results in Figure 32 demonstrate,
significant geometry changes cause significant changes in Rm.
2
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Figure 56 Dimensionless term RCoωn vs. uxs. Variation of the RCoωn term with additions to the film length.

The response of frequency to changes in film length from Equation (5.19) is shown in Figure
57. Frequency appears to reach a maximum at the α=45˚ condition. It is assumed that the change in
geometry allows a greater portion of the force vector due to mass oscillations to come to bear on the
films and that continues to increase, although at a diminishing rate, until the α=45˚ point.
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Figure 57 Resonant frequency response to changes in excess film length.
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The explanation for frequency decrease beyond this point is explained by the change in device
stiffness, s, shown in Figure 58. This is a plot of stiffness s, defined by Equation (5.10) and because
mass is constant, is the principle contributor to the change in resonant frequency as shown in
Equation (5.19). Physically this shows that with a constant pretension up, additional length to the films
reduces the strain induced by the motion of the mass which manifests itself as a reduction in the device
stiffness.
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Figure 58 Device stiffness vs. changes in excess film length.

An example of the change due to variation in up is shown in Figure 59. Here uxs is allowed to
sweep a range that captures the α=45˚ condition with values of up=3, 4, and 5 mm corresponding to
the red, green and black curves in the figure. The values for up are larger than real world dimensions
but are used to provide some clarity in the plot. The general trend is maintained but at very high values
of uxs the curves join indicating the reduced role of up on the total stiffness value of the structure.
Inspection of Equation (5.10) will confirm this. The curve also indicates that each resonant frequency
can be achieved by two values of uxs and that there is a maximum frequency that the device can
achieve.
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Figure 59 Predicted frequency response of xs-model versus changes in uxs at several values of up. (red
(long dash): up=3 mm, green (short dash): up=4 mm, black (solid): up=5 mm)

Chapter 4 developed a model that demonstrated a linear response of frequency to changes in
up. The model used an approximation for the included angle in the device geometry. The model
presented in this chapter allows the angle to change with the dynamics of the structure. Figure 60
shows the change in resonant frequency when up sweeps a range of values with fixed lengths of uxs. In
this case, uxs=0, 10, and 20 mm corresponding to the red, green and black curves in the figure. What is
most curious is the variation of frequency with respect to up. When uxs=0, the condition presented in
Chapter 4, there is a large linear region as the experimental data show, but beyond a point (up~10 mm)
the plot deviates and ultimately appears to reach a maximum. Increases in film length due to uxs cause
the transition from the linear to the curved portion to occur much sooner. In the case of uxs= 20 mm,
the linear region is very small, from about 380 Hz to 440 Hz. In addition, the maximum operating
frequency diminishes with the increases to up.

84

600

500

wn HHzL

400

300

200

100

0
0

0.01

0.02

up HmL

0.03

0.04

0.05

Figure 60 Predicted frequency response of xs-model versus changes in up at several values of uxs. (red
(long dash): uxs=0, green (short dash): uxs=10 mm, black (solid): uxs=20 mm)

5.4 Experimental Results of Excess Model
In order to verify the accuracy of the theoretical model developed, a device was constructed
using the same mass and film material as the device presented in the last chapter. The overall dynamic
mass increased slightly from 82.3 g to 82.9 g. This change was attributed to the increase in film
material. Similar to the previous device, 119 µm thick Measurement Specialties PVDF film was used.
The difference in film length, Lxs, is 8.9 mm. A more practical term for use in the model is the change
in dimension in the u direction, uxs, and it is convenient to calculate it with the following
2

uxs = Lo

⎛ Lxs ⎞
⎜1 +
⎟ − 1.
Lo ⎠
⎝

(5.23)

Substituting Lo=22 mm with Lxs=9 mm returns a value of uxs=21.89 mm or 22 mm. The static strain,

εstat, developed by pretensioning the films a distance up is approximated by

ε stat ≈

uxs up
⎛ ⎛ u ⎞2 ⎞
2
Lo ⎜ 1 + ⎜ xs ⎟ ⎟
⎜ ⎝ Lo ⎠ ⎟
⎝
⎠
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(5.24)

The device was connected to an impedance analyzer to measure the general properties
discussed previously (R, L, Co, C, k2, ωn). These values are used to calculate some of the “measured”
values using the relationships; L = m Ψ 2 , C = Ψ 2 s , R = Rm Ψ 2 , and k 2 = C ( C + Co ) . The
results are shown in the Table 6.

Small errors in measuring the geometric terms and assumptions of materials properties as
described in Chapter 4, lead to larger errors that propagate through some of the values. This is
particularly evident in the large difference between measure Ψ (from L = m Ψ 2 ) and calculated Ψ
which uses Equation (5.12) and s, derived from measured C and the relationship above. The
theoretical column uses the developed equations to calculate the terms s, Ψ, and Co. The relationships
listed above were used to calculate the remaining predicted values (they are the measured quantities
from the impedance analyzer).
The theoretical resistance R is not shown as it depends on the damping term which is difficult
to quantify. The only relationship is shown above and would yield a circular calculation as the
measured R from the impedance data was used to calculate Rm. Certainly, R could be calculated by
using the theoretical Ψ term with the measured Rm, however this results in the already demonstrated
difference between Ψ with no new insight.

It should be noted that the impedance data for 354 Hz appears outside the expected. It may be
that there was a poor connection between the lead wire and the film. This is particularly obvious when
a comparison is made between the measured values of Co at the three settings. Ideally, Co should
remain almost constant, any change in its value is due to the small change in film thickness, h, and an
increase in film area due to the strain imposed by up. It is noted that the value remains the same for the
332 Hz and 370 Hz measurements but is double the value for the remaining experiment. This indicates
the measurement captured just a single film element pair.
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Table 6 Configuration, impedance measurements, and theoretical predictions for nominal natural
frequency of fn=332 Hz, 354 Hz, and 370 Hz. (119 µm film).
332 Hz

354 Hz

Theoretical
Parameter Measured Prediction % Diff
up [mm]
0
εo [%]
0
Co [pF]
643
R [MΩ]
5.12
L [kH]
77.1
C [pF]
3.3
2
0.0051
k [%]
fn [Hz]
316
Rm [Ns/m] 5.51
Ψ [mN/V] 1.04
s [kN/m]
326
R*Co*ωn
6.53

684

6.3

18.0
9.1
0.0132
393
23.6
2.15
505
8.65

-76.7
177
158
25
329
107
55
32

370 Hz

Theoretical
Measured Prediction % Diff
0.1
0.23
1260
6.10
91.8
2.6
0.0021
323
5.51
0.95
342
15.6

684

-45.8

17.9
9.1
0.0131
394
28.3
2.15
509
10.3

-80.5
246
526
22
414
127
49
-34

Theoretical
Measured Prediction % Diff
0.2
0.45
642
6.83
85.3
2.9
0.0045
321
6.64
0.99
337
8.84

684

6.7

17.8
9.1
0.0131
396
18.2
2.16
512
6.63

-79.1
216
192
23
174
119
52
-25

The measured power output shown in Figure 61 does not reflect the change in capacitance that
was detailed in the previous paragraph, although the theoretical value appears low and would certainly
be affected by a change in this term. The motion of the device during the dynamic measurement
(rather than the small motions imposed by the impedance analyzer) appears to have completed the
circuit.
Theoretical calculations for power use Equations (5.18), (5.19), and (5.20). Rm was calculated
from Rm=RΨ2, using the measured value for R at a number of accelerations to generate the damping
term. The results match the measured data very well. Unlike the predicted values, it is the lowest
frequency data set of the measured data that appears out of place. This may be attributed to an
experimental condition with no pretension, i.e. up=0.
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Figure 61 Measured power vs. acceleration data with theoretical predictions for an xs-model device.

Another series of data was taken using the same configuration and setup. The results are
shown in Figure 62 with impedance and geometry data shown in Table 7. Similar differences are seen
in the reported data as shown in the previous set. Note that the problem with Co does not appear.
Again, the theoretical power appears to closely match the measure result. This demonstrates the
significance of the damping term Rm. While the predicted values of the terms R, Co, and ωn vary
significantly with the measured values, their role in predicting power is limited to the contribution in
the radical of the denominator. Another observation is the duplication of resonant frequency at 378 Hz
with two different settings of up. This appears to be the upper tuning limit. This point was about as
tight as the films would go although the geometry of the device was capable of further adjustment. It
may be that this exceeded the elastic limit of the material and induced some plastic deformation.
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Figure 62 Measured power vs. acceleration data with theoretical predictions for an xs-model device.

Table 7 Configuration, impedance measurements, and theoretical predictions for nominal natural
frequency of fn=362 Hz, and two at 370 Hz. (119 µm film).
362 Hz

378 (1) Hz

Theoretical
Parameter Measured Prediction % Diff
up [mm]
εo [%]
Co [pF]
R [MΩ]
L [kH]
C [pF]
k2 [%]
fn [Hz]
Rm [Ns/m]
Ψ [mN/V]
s [kN/m]
R*Co*ωn

0.1
0.45
644
6.39
82.6
3.0
.0045
323
6.42
1
342
8.36

684

6.3

18
9.1
.0131
396
29.76
2.15
512
10.9

-78
210
192
22
364
115
50
30

378 (2) Hz

Theoretical
Measured Prediction % Diff
0.365
0.83
650
4.44
58.8
3.6
.0055
347
6.27
1.19
393
6.29

89

684

5.3

17.7
9.1
.0131
398
20.84
2.14
517
7.6

-70
153
138
15
233
81
32
21

Theoretical
Measured Prediction % Diff
.430
0.98
658
6.76
82.5
2.9
.0044
326
6.79
1
348
9.1

684

4

17.6
9.1
.0131
398
31.78
2.16
520
11.6

-79
213
197
22
368
116
50
27

Figure 63 shows the results from several data collections of the xs-device. The device shows
consistency over the runs although evidence of creep can be seen. The data set shown as 370 Hz in the
blue curve has the same up setting as the 362 Hz red data curve. In fact the runs were consecutive with
a span of 3 weeks between them. Power roll-off is evident at the higher accelerations (about 7 m/s2).
Data was collected at accelerations of almost 80 m/s2 and generated almost 45 mW. The RXMR
seemed to run well at this setting.

Figure 63 Power vs. acceleration plot of xs-model device from two separate data runs. The dimension up is
the same between the 354 Hz measurement and the 362 Hz measurement indicating potential creep. Blue
data set was taken approximately two weeks before the red set. Two different up settings generated 378 Hz
data in the latter set.

A final comparison is shown in Figure 64 between the xs-model and the regular model. Both
devices used the same mass and films, and were statically strained about the same range. The power
produced by the higher frequency xs-model device is slightly below the regular model XMR, but
certainly not as significant a reduction as literature would suggest with the inverse relationship
between power and frequency. The plot also demonstrates that the initial perception of higher power
output at a perhaps more favorable geometry is not necessarily true. However, the model development
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does address the other issue of interest, that of excess material length that may be required for a low
strain capable piezoceramic materials system.

Figure 64 Power vs. acceleration plot of xs-model device (blue) contrasted with the regular model (red).
Mass and film thickness are the same. Film length is the significant variation between the two results.
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CHAPTER SIX
6 APPLICATIONS OF THE DEVELOPED MODELS TO DESIGN
6.1 Introduction
This chapter is devoted to the application of the derived models to design devices for a variety
of installations. The device designs will still have the adjustable resonant frequency feature and the
idea is to center the device frequency on the expected resonant frequency of an installation so that
there is still tuning above and below the center frequency. This work has focused on generating energy
using a vibrating mass driving piezoelectric elements and, in the scheme of energy harvesting for
remote sensing, is a battery replacement or storage charger. No effort has been placed on design or
improvement of energy conversion and optimization, or storage techniques. Typical installations of
sensors will have a load requirement of their own and that value can be used in the future to direct
device design.
As stated earlier, many opportunities are available for the remote monitoring of equipment and
structures. Of particular interest are sensors that can monitor a variety of conditions in infrastructure.
Other applications that can contribute significant cost savings are corrosion monitors in military and
civilian airframes. Still other installations, such as bearing condition monitors, can help minimize
downtime on critical pieces of production equipment or printing lines. Therefore, the development
throughout this chapter will focus on a very low frequency (0.5-3.3 Hz) [14] harvester for a building, a
low frequency harvester for a helicopter installation (~20-25 Hz) [59], a device that captures 60 Hz
frequencies as might be seen on the electric motors on many production equipment installations and a
clothes dryer with requirements reported by Hu et. al (121 Hz, 3.5 m/s2) [54].
Any number of criteria may be used as the design constraints of a device; from power output,
frequency range, weight, or volume, or any combination of these. For simplicity, device volume will
be used for the following designs which will run from a small device, about the size of a matchbox, a
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low profile device the size of a CD jewel case, and a large volume device about the size of a ½ pint
milk carton. Given the device volume constraint, the design process will determine the expected
frequency range and power output for a variety of input accelerations.
6.2 Matchbox Device
Given the dimensions as 15 mm x 30 mm x 50 mm, the device in Figure 65 uses tungsten for
the mass and PVDF films as the active piezoelectric elements. The regular model (Chapter 4) is used
to determine the predicted outputs as the low profile of the device does not lend itself to the xs-model
(Chapter 5).

Figure 65 Model of the matchbox size device.

The four clamp bars that secure the film to the tungsten mass and the two rails that exert the
tension into the films are metallic elements and act as conductors in the extraction of power from the
device. The clamp bars are arranged so they contact the outer electrode surfaces of the device and
conduct charge through the screws into the mass. This makes the outer electrode surfaces electrically
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common. The rails also are arranged so they contact the inner electrode surfaces. They can be isolated
from one another through several schemes:
•

the screws that secure the lower rail and move the upper rail are composed of an insulating
material such as nylon and an insulation strip is applied between the lower film and the case.

•

the case is constructed of an insulating material.

•

the case is constructed of metal but one set of (upper or lower rail) screw holes are lined with
insulating features such as nylon bushings and washers.

In the first two cases, wires attached to the rails extract the power generated from motion of the
device. In the third example, the case itself is common to one electrode and forms one conductor, then
power can be extracted from a wire attached to either the upper rail or the isolated upper rail screws.

Figure 66 Front view of the matchbox device showing device configuration and clearance.

Figure 66 shows the front view of the device in order to clarify the relationship between the
different components. The case places an upper limit on the tuning range (through changes in up) of
the device but it should be noted that a strain of 2.63% is calculated for the maximum up value
possible for this device (see Table 8). Generous clearance is shown between the device and the
sidewalls of the enclosure to minimize drag potential (as may occur if the mass were to shift sideways)
and air damping. The partial section view in Figure 67 shows additional relationships between the
components such as the rail screws and film clamps.

94

Figure 67 Partial section view of the matchbox device.

The device constraints were used to iterate the final design. The final dimensions were used to
predict the power output shown in Figure 68. The plot shows predictions for two different
configurations, one using 28 µm PVDF film (31, 62, and 92 Hz) and the other with 119 µm PVDF
film (65, 128, and 190 Hz). The power predictions are similar to experimental results from Chapter 4
which is to be expected. This design is similar in size to the original XMR but utilizes a larger mass, in
this case 107 g. The active area of a film element in the XMR is 22 mm x 24 mm while this device is
19.5 mm x 30 mm. Power is calculated using a constant value for Rm=1.7 Ns/m.
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Figure 68 Predicted power vs. acceleration for the matchbox device showing performance from a device
constructed with two sizes of PVDF film. Results of 31, 62 and 92 Hz are from 28 µm film, the remaining
are from 119 µm film.

Table 8 shows some trends that can be compared to previous experimental and theoretical
results. The change in resonant frequency increases with increases in device geometry, up, which is
consistent with previous data and results from the increasing value of device stiffness, s. Device
stiffness also shows a strong dependence upon the material thickness. The electromechanical coupling
term, Ψ, is shown to be independent of material thickness but trends up with increases in geometry.
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Table 8 Predicted results for the matchbox device at various up dimensions and film thicknesses.
Calculations assume a constant Rm value of 1.7 Ns/m.
up [mm]

1.5

28 µm
119 µm
Theoretical Theoretical
Parameter Prediction Prediction

εo [%]

2.25

3

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction

0.3
2.27
20.22
1272.51
0.20

0.3
0.53
20.22
1272.51
4.74

1.18
2.27
5.14
323.74
0.20

1.18
0.53
5.14
323.74
4.76

2.63
2.27
2.35
148.04
0.20

2.63
0.53
2.35
148.04
4.80

8.84E-03

8.84E-03

8.87E-03

8.87E-03

8.94E-03

8.94E-03

Ψ [mN/V]
s [kN/m]
Q [unitless]

31.4
0.3
4.2
12.4

64.8
0.3
17.7

62.1
0.6
16.3

128.2
0.6
69.4

91.5
0.9
35.3

188.9
0.9
150.7

25.6

24.5

50.7

36.2

74.7

R*Co*ωn

9.0

4.4

4.6

2.2

3.1

1.5

Rm [Ns/m]

1.7

Co [nF]
R [MΩ]
L [kH]
C [pF]
k2 [%]
fn [Hz]

6.3 CD Jewel Case Device
A CD jewel case is approximately 12 mm x 125 mm x 150 mm. This is a very low profile
device and will have a very limited tuning range due to the restriction in up. Figure 69 and Figure 70
show views of the iterated design. This device is similar to the matchbox device in function and
electrical connections. However, the moving mass is tungsten and weighs 706 g and it has a much
larger film area (69.5 mm x 125 mm). From the theory presented earlier, frequency was shown to be
strongly dependant on mass. As such, the resulting frequency for this device, shown in Table 9, ranges
from 3.7 to 15.3 Hz. The height restriction limits up to a range from 1.5 mm to 3 mm. This range
produces static strains from 0.02% to 0.09% respectively.
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Figure 69 Model of the CD jewel case device.

The front view of the device (Figure 70) again shows the relationship of the components and
the clearance along the wall of the enclosure. This space becomes more important in a large area
device such as this as air needs to move between the upper and lower portions of the enclosure during
the device vibrations.

Figure 70 Front view of the CD jewel case device showing device configuration and clearance.

Predicted power outputs are shown in Figure 71 for configurations of the CD case device
using both 28 µm and 119 µm PVDF films at various frequencies. The trends are as expected with the
constant damping assumption; power output goes up from increases in both resonant frequency and
acceleration. In practice, the damping term was seen to change with changes in device configuration.

98

Figure 71 Predicted power vs. acceleration for the CD jewel case device showing performance from a
device constructed with two sizes of PVDF film. Results of 3.7, 5.6 and 7.4 Hz are from 28 µm film, the
remaining are from 119 µm film.

Table 9 Predicted results for the CD jewel case device at various up dimensions and film thicknesses.
Calculations assume a constant Rm value of 1.7 Ns/m.
up [mm]

1.5

28 µm
119 µm
Theoretical Theoretical
Parameter Prediction Prediction
εo [%]
0.02
0.02
33.7
Co [nF]
7.90
14.7
R [MΩ]
14.7
6.11
L [MH]
6.11
300
C [pF]
70.3
2
0.008823
k [%]
0.008820
3.7
fn [Hz]
7.7
0.34
Ψ [mN/V]
0.34
s [kN/m]
0.39
1.64
Q [unitless]
9.7
20.0
R*Co*ωn
11.6
5.6
Rm [Ns/m]

2.25

3

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction
0.05
0.05
33.7
7.90
6.54
6.54
2.72
2.72
300
70.3
0.008825
0.008825
5.6
11.5
0.51
0.51
0.87
3.69
14.5
30.0
7.7
3.7

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction
0.09
0.09
33.7
7.90
3.68
3.68
1.53
1.53
300
70.3
0.008827
0.008827
7.4
15.3
0.68
0.68
1.54
6.56
19.4
40.0
5.8
2.8

1.7
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The question of how well the PVDF material performs compared to PZT or other
piezoceramic composites is addressed next. Minor modifications are required to the theoretical
equations derived in Chapter4 to accommodate a composite structure and are presented in detail in the
appendix. The principle changes occur to the value for compliance and thickness of the film. The
capacitance term is calculated using the thickness of the active layer while the mechanical terms for s
and Ψ use the composite thickness. The CD jewel case device was chosen for comparison because of
the very low strains necessary to operate the device.
The materials properties are from the materials specification sheet from Megacera, a division
of Nihon Ceratec, Inc. a Japanese manufacturer. The “M” type product has 70 µm of PZT on a 70 µm
brass substrate. Details of the type of PZT are not given however the following properties are listed:
•

d31=-185E-12 m/V

•

s11E=15.2E-12 m2/N

•

ε33=1.593E-8 F/m

The results of the power prediction are shown in Figure 72 where the lowest frequency predictions
from the two cases of PVDF are shown as a comparison. The PZT on brass foil produces almost twice
the power of a 28 µm PVDF film device and about 50% more than the 119 µm PVDF film device. The
difference can be attributed to the lack of strain that can be supported by the PZT material. The three
conditions used very low strains and are listed in the table below with the other predicted values from
this configuration. The limit on strain also affects the tuning range as tuning is a function of the
change to the geometry. This configuration shows tuning of 4 Hz.
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Figure 72 Predicted power vs. acceleration for the CD jewel case device showing performance from a
device constructed with PZT on brass foils. Results of 3.7 Hz (PVDF 28 µm film) and 8 Hz (PVDF 119 µm
film) are shown for comparison.
Table 10 Predicted results for the CD jewel case device at various up dimensions from films of PZT on
brass. Calculations assume a constant Rm value of 1.7 Ns/m.
up [mm]

0.15

0.225

0.3

140 µm
Theoretical
Prediction

140 µm
Theoretical
Prediction

εo [%]

140 µm
Theoretical
Prediction
0.00020

Co [µF]
R [MΩ]
L [kH]
C [nF]

1.70
0.039
16.370
0.931

0.000500
1.70
0.018
7.276
0.931

0.000900
1.70
0.010
4.093
0.931

k2 [%]
fn [Hz]
Ψ [mN/V]
s [N/m]
Q [unitless]

0.052
4.1
6.567
462.99
10.64

0.052
6.1
9.851
1041.72
15.95

0.052
8.2
13.134
1851.93
21.27

R*Co*ωn

1.714

1.142

0.857

Parameter

Rm [Ns/m]

1.7
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6.4 ½ Pint Carton Device
A half pint milk carton is approximately 80 mm x 80 mm x 80 mm. The device designed
around these dimensions utilizes the xs-model developed in Chapter 5 to predict performance. The
predictions are based on using 28 µm and 119 µm PVDF films. The advantage that this package
provides is the ability to really increase the mass in order to operate at a low frequency.

Figure 73 Model of the 1/2 pint carton device designed with a copper mass and PVDF films.

The device uses a copper mass of 1.87 kg shown in Figure 73. Figure 74 is the front view of the device
and shows the relationship between the components as well as the limited adjustment range. The
geometry of the xs-model really limits the tuning range of a device, as small changes in up effect large
increases in the static strain of the active elements. Consequently, there is not a great need for a large
tuning range.
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Figure 74 Front view of the 1/2 pint carton device showing relationship between components.

Figure 75 Section view of the 1/2 pint carton device showing additional relations between components.

Figure 75 provides an additional view to understand the relationship between the components
of the device. The profile of the mass in the above figures shows an area where material is removed to
provide clearance during the dynamic phase of operation and to minimize air damping.
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Table 11 shows the predicted values of the device using the xs-model equations developed in
Chapter 5. The frequency values indicate a very small tuning range, particularly with the 28 µm film.
The large up value generates an excessive amount of strain, more than 5%. Of particular note is how
high the resonant frequency is for any of the settings. However, inspection of the device stiffness term,
s, quickly explains this result. The resonant frequency is shown to be a function of both the mass and
the stiffness, and in the case of this configuration which allows a tremendous mass, the geometry also
increases the stiffness significantly. Stiffness comparison to the CD jewel case device shows an
increase of more than 700X. The mass increase on the other hand was only 2.5X.
Table 11 Predicted results for the 1/2 pint carton device at various up dimensions and film thicknesses.
Calculations assume a constant Rm value of 6.5 Ns/m.
up [mm]

Parameter

εo [%]

0.03

2.28

3.28

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction
0.05
0.05

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction

28 µm
119 µm
Theoretical Theoretical
Prediction Prediction

Co [nF]
R [MΩ]
L [kH]
C [pF]

0.13

2.98

3.94
0.13

3.94
2.98

5.71
0.13

5.71
2.98

0.13
38.36
0.017

0.13
38.36
0.399

0.12
35.54
0.018

0.12
34.47
0.418

0.12
34.47
0.018

0.12
34.47
0.418

k2 [%]

0.013

0.013

0.014

0.014

0.014

0.014

fn [Hz]

62.42

128.68

63.72

132.55

64.30

132.55

Ψ [mN/V]
s [kN/m]
Q [unitless]

6.987
288.11
113.02

6.987
1224.48
232.99

7.260
300.22
115.37

7.371
1299.19
239.99

7.371
305.69
116.41

7.371
1299.19
239.99

R*Co*ωn

0.66

0.32

0.63

0.30

0.61

0.30

Rm [Ns/m]

6.5

In this configuration, the heavy mass is supported by a large amount of film. The question of
whether the films can support this mass is addressed as follows. In the d31 test conducted in Chapter 2,
a small sample of film (13 mm x 28 µm) was subjected to a mass of ~100 g. The cross sectional area
of the sample is 3.64E-7 m2 and results in a stress of 275 kPa, safely below the reported yield strength
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of 45 MPa for linearly stretched PVDF films such as these (Measurement Specialties, Inc.). The
samples were not noticeably affected by this stress level. Consider the configuration above and assume
that only the upper films support the mass. The film is 80 mm wide and in the worst case, 28 µm thick.
The cross sectional area of a single film is 2.24E-6 m2. With two films supporting the 1.87 kg mass,
the stress is found to be 417 kPa. This result is still substantially below the reported yield strength of
the material. However, the dynamic motion of the mass will limit the operational range of the device.
Power calculations shown in Figure 76 assume a constant mechanical damping term of
Rm=6.5 Ns/m which is a midrange value derived from the xs-model experimental data. It is observed
that a large amount of power can be generated with very small acceleration amplitudes, for example
the 119 µm film produces almost 10 mW at 1 m/s2. The geometry appears to create a much larger gap
between power generatation as a function of film thickness. In this case, the power gap is about 2
orders of magnitude while the CD case and matchbox designs vary by less than half an order of
magnitude. Additionally, the higher frequency curves (129, 131, and 133 Hz), generated by the
119 µm film are so close to one another as to be almost indistinguishable in the plot. The lower
frequency bands also have a minimal separation.
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Figure 76 Predicted power vs. acceleration for the 1/2 pint carton device showing performance from a
device constructed with two sizes of PVDF film. Results of 62.4, 63.7 and 64.3 Hz are from 28 µm film, the
remaining are from 119 µm film.

6.5 Conclusions
This chapter presented a few configurations designed using a fixed volume constraint. The
performance of the designs was estimated using the models created in the previous chapters. As stated
at the beginning, any of the constraints may be used to guide the design including frequency range,
acceleration magnitude, target power, and mass. Additionally, other piezoelectric materials can be
used in place of PVDF by substituting the appropriate materials parameters as shown with the CD case
device where the PVDF films are replace with PZT on brass. Details to the equation variations are
shown in the appendices for the composite materials model.
Predicted power and performance of the different devices showed additional relationships that
must be considered when targeting particular design goals. For example, resonant frequency is often
assumed to be largely a function of mass, however it was shown in the half pint device that the
successful design must also control the stiffness term. Stiffness is shown to be very dependent on the
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geometry. A comparison of the predicted performance of the devices in this chapter showed the
increase in s with the changes in geometry of the different configurations. This relationship is also
confirmed in Chapter 5, Figure 58 which shows the change in device stiffness with the addition of film
length uxs.
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CHAPTER SEVEN
7 CONCLUSIONS
This document has presented the need, and one of a number of possible solutions, to the
problem of powering remote devices directly or charging the power storage component of a remote
sensing system. While vibrations may not be the most abundant of harvestable environmental energy,
they certainly have their niche. Extensive research has been conducted on fixed frequency vibration
devices, principally of the cantilever design, that convert the environmental mechanical energy into
electrical energy through electromagnetic and piezoelectric effects. Because of the nature of resonant
frequency oscillators such as cantilevers, which operate most effectively when the vibration of the
device matches the input vibration, considerable design effort must be expended at the front end of an
installation to insure the final design will operate effectively in the intended installation. Researchers
have recognized the limitation of fixed frequency devices and efforts have been expended to move
towards tunable devices.
The XMR device generates energy by stretching a piezoelectric film, and provides a means to
vary the resonant tuning over a wide range through changes in device geometry. Results have shown a
very broad and linear tuning range. A number of prototype devices were constructed with tuning
ranges and details outlined in the Table 12. The initial XMR device shows a tuning range of 86 Hz225 Hz. In contrast, tuning ranges in the literature report much lower values. Leland and Wright
demonstrated tuning from 250 Hz to 200 Hz [19], while Challa et al. showed a device with a resonant
frequency of 26 Hz that can tune between 24 Hz and 32 Hz [20]. This requires switching the polarity
of the magnets. The RXMR device has a similar broad adjustment range of 54 Hz-182 Hz. Thicker
films reduces the range from 110 Hz-180 Hz due to the increase in stiffness. Initial modeling
demonstrated a linear power versus acceleration range that was a function of the geometric value up.
As the ratio up/Lo increased, the linear power region with respect to acceleration increased.
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Table 12 Device performance for various prototype configurations.

1

Device
XMR

Mass
(g)
28.6

Film
(µm)
28

XMR
RXMR
RXMR
RXMR
RXMR
RXMR-xs

28.6
65
82
82
82
82

28
28
9
28
119
119

Max Frequency
Acceleration
Power
Range
Range
Working
Measured Tested
Tested Power/Volume
Volume
(mW/cm3)
(mW)
(m/s2)
(Hz)
(cm3)
na
100-225
10
na
~0.171
3.2
0.3
12
22
40

86-154
54-182
39-60
62-100
110-180
332-378

10
21
21
21
21
78

2-10
3-30
0.5-4
1-12
0.9-25
0.2-79

0.0171
0.15
0.01
0.57
1.05
0.51

Single film operation

Power output for the different configurations is also shown in Table 12. The lowest power
output is from the initial prototype device XMR at ~0.17 mW. The device performance is limited
because of the small area of film and the strain gradients due to the geometry. The RXMR device with
119 µm films made 22 mW and exceeds the 1 mW/cm3 mark initially requested by the Navy. The
power/volume metric allows comparison to other devices in the literature. For example, Perpetuum
sells an fixed frequency commercial harvester using an electromagnetic cantilever design that
produces 4 mW at 100 Hz and 0.04 g acceleration in a 30 cm3 package [60]. This equates to
0.13 mW/cm3. Calculation of an acceleration normalized value results in 3.3 mW/cm3g. The RXMR is
0.42 mW/cm3g. The power output generated by the device was shown to be more strongly affected by
the damping of the device rather than the resonant frequency of operation, which was shown to be
contrary to cantilever devices.
The RXMR (rectangular model) provides additional power output over the original circular
model XMR. This is primarily due to the elimination of strain gradients in the film elements of the
RXMR design. The reduction in the strain gradient allows all the active area of the films to produce
power effectively. Improvements in power are seen by comparing the power/volume metric. Assuming
the single film output would double to 0.034 mW for the XMR device operating with both films, the

109

RXMR produces more than 4 times the power per volume. The reduction in the strain gradient also
prevents premature failure of the films due to plastic deformation.
Modeling developed the relationships for power output based on materials properties and
device geometry. Prototype devices were constructed and evaluated. Results compared favorably to
the model predictions at low acceleration magnitudes. The predictive capabilities for other parameters
such as device stiffness, resonant frequency, coupling, capacitance, optimal load resistance and device
quality factor compare favorably as well. The model can be used as a design tool to optimize a
harvester that can operate through a variety of conditions. Any of the parameters may be used as
design constraints to generate an iterative solution.
Equations were also developed to allow the use of composite material films such as PZT on
brass. The assumption is based on constant strain, i.e. the interface between the composite is ideal. The
ability to use composite films affects a limited number of equations in the model, principally the
capacitance, Co, stiffness, s, and electromechanical coupling term, Ψ.
The modeling was expanded to include additional film lengths, Lxs, to accommodate
geometries that may include piezoceramic structures that are not capable of significant strains but need
to operate in a particular vibration spectrum. At present, the equations of the xs-model tend to over
predict the device stiffness and coupling. Many of the other parameters are determined from these two,
so the error propagates through. However, the power predictions from the model match closely to the
values measured from a prototype device. This may be attributed to the strong dependence in the
power equation on the damping term (which must be measured) and the weak dependence on the
parameters determined from device geometry. The RXMR with excess film shows a reduced tuning
range at a much higher resonant frequency for similar strain ranges, i.e. 332 Hz to 378 Hz. The power
is somewhat lower than the RXMR regular model for similar strains and accelerations as seen in
Figure 64 however the design provides harvesting at accelerations in excess of 75 m/s2.
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As a design exercise and to show the performance range of the RXMR device a number of
volume limited designs were modeled and evaluated. Frequencies ranged between 3 Hz to 190 Hz and
predicted powers up to 650 mW at 3 m/s2 acceleration. Comparisons are shown for variables such as
film thickness (28 µm and 119 µm) and strains (0.02% to 5.71%) through variation of the pretension
dimension up. In one case, PVDF films are compared with a PZT on brass composite with the
composite PZT structure producing about 120 mW at 3 m/s2 versus 2.5 mW for the PVDF at the same
acceleration. This was accomplished at very low static strain rates of less than 0.0009%. Device
geometry is shown to influence the stiffness of the mechanism which dramatically affects the resonant
frequency. This is particularly evident in the half pint carton device where the mass is very large,
1.8 kgs, however the device geometry drives the stiffness so high that the resonant frequency range
was much higher than anticipated.
There are still many unanswered questions. The performance of PVDF films are known to be
affected by temperature, both high and low. This fact was observed in some experiments conducted in
this research, however the issue has not been addressed in the modeling. PVDF has a very low
piezoelectric coefficient which is why some of the work conducted was on composite PVDF/HFPPZT films. There are still many issues to resolve in this system; casting a consistent film, phase
conversion, poling, applying electrodes. The significant difference between some terms in the xsmodel still must be addressed. There is the issue of saturation that is observed in the power output at
higher accelerations and while work has been progressing on this, the solution is not yet at hand.
Other issues would be interesting to pursue, for example, the composite film model could be
expanded to incorporate a bimorph configuration. The single element PVDF films could be doubled or
tripled up, with electrodes in common. Both of these methods would certainly increase the device
stiffness but may also improve power output. Prototype devices could be constructed of PZT on brass
and compared to the predicted results. Additional testing of the xs-model prototype device should be
conducted and used to help clarify the model.
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This research has provided a design tool that can predict device performance based on
geometry and materials properties. It allows direction in optimizing the power output for a vibration
harvesting device. It has also shown relationships between device parameters and performance.
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APPENDIX

A1 Materials Properties Information
A1.1 Materials properties of Measurement Specialties, Inc. PVDF
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A1.2 Materials properties for PZT on brass

120

Model code M12SA1 was selected as the representative PZT on brass sample for calculations.
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A2 RXMR Excess Model Development Equations from Mathematica
A2.1 RXMR Tlr App cos a total strain xs.nb
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A2.2 RXMR xs-model power eqn1.nb
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A2.3 RXMR x- model w dynamic alpha.nb

138

139

140

141

A2.4 Variation of wn with up_uxs low freq.nb

142

143

144

A2.5 Variation of wn with up_uxs.nb
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A 2.6 Variation of wn with up_uxs variation of up.nb
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A3 Composite Material Thickness Derivation

Derivation for composite substrate: PZT on brass foil for example.
Mechanical Portion
ha is the thickness of the piezo electric (active) material.
hc is the thickness of the composite structure.
s11E c is the compliance of the composite structure.
Starting with

S1 = d31E3 + s11E c T1
and

T1 =

Nx
whc

where hc is the thickness of the composite structure.
Write the strain equation converting field to voltage realizing that the passive foil layer has d31=0:
hc

hc

0

hc − ha

S1 ∫ dz = d31active ∫

ha

hc

0

0

E3dz + d31passive ∫ E3dz + s11E c T1 ∫ dz

Results in

S1hc = − d31V + s11E c T1hc
Using the general form of the derivation from the JSV submission the tension in a film element is

Nx =

whc ⎛ ∆L d31V ⎞
+
⎜
⎟
s11E c ⎝ Lo
hc ⎠

Using the dynamic Taylor approximation for cosα ∆L/Lo the vertical force for the top and bottom film
are written

151

⎛
⎞
⎞
⎜
⎟
⎟
⎜
⎟
⎟ wh 1
1
c
⎜
⎟
1−
⎟− E
3
⎜
⎟
2
2
⎟ s11c Lo
⎛ ⎛ up ⎞ ⎞ ⎟
⎜
⎟⎟
⎜ ⎜⎜1 + ⎜ L ⎟ ⎟⎟ ⎟
⎠
⎝ ⎝ ⎝ 0⎠ ⎠ ⎠
⎛
⎛
⎞
⎜
⎜
⎟
⎟ whc 1 ⎜
1
1
whc u p ⎜
⎜1 −
approxforbottom = − E
⎜1 −
⎟− E
3
2
⎜
s11c Lo ⎜
⎛ u p ⎞ ⎟ s11c Lo ⎜ ⎛ ⎛ u p ⎞ 2 ⎞ 2
1+ ⎜ ⎟ ⎟
⎜⎜
⎜ ⎜⎜1 + ⎜ L ⎟ ⎟⎟
⎝ L0 ⎠ ⎟⎠
⎝
⎝ ⎝ ⎝ 0⎠ ⎠
⎛
⎜
1
whc u p ⎜
approxfortop = E
⎜1 −
2
s11c Lo ⎜
⎛ up ⎞
1+ ⎜ ⎟
⎜⎜
⎝ L0 ⎠
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

From the total force equation

FT = 2 N x+ cos α + 2 N x− cos α
Write the force equation using the approximations above recognizing that the first term in both
approximation equations will cancel:

⎛
⎜
⎜
1
whc ⎜
1−
FT = −4 E
3
⎜
2
2
s11c Lo
⎛
⎞
⎜ ⎜ ⎛ up ⎞ ⎟
⎜ ⎜1 + ⎜ L ⎟ ⎟
⎝ ⎝ ⎝ o⎠ ⎠

⎞
⎟
⎟
1
⎟ ∆u − 2 d31wu p
( ∆VU − ∆VL )
E
2
⎟
s11c Lo
u
⎛
⎞
⎟
1+ ⎜ p ⎟
⎟
⎝ Lo ⎠
⎠

From this define the coefficients of the terms as:

⎛
⎜
⎜
whc ⎜
1
s=4 E
1−
3
2
2
s11c Lo ⎜ ⎛
⎞
u
⎛
⎞
⎜ ⎜
p
⎜ ⎜1 + ⎜ L ⎟ ⎟⎟
⎝ ⎝ ⎝ o⎠ ⎠

⎞
⎟
⎟
1
⎟ and Ψ = 2 d31wu p
E
2
⎟
s11c Lo
⎛ up ⎞
⎟
1+ ⎜ ⎟
⎟
⎝ Lo ⎠
⎠

Electrical Portion

From piezo constitutive equations solve for stress T:
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T1 =

S1 − d31E3
s11E c

Sub into D3 equation and write

⎛S −d E ⎞
D3 = ε 3T E3 + d31 ⎜ 1 E 31 3 ⎟
⎜
⎟
s11c
⎝
⎠
2
d S d E
D3 = ε 3T E3 + 31E 1 − E31 3
s11c
s11c Lo
Collecting terms

⎛
d2
D3 = ε 3T ⎜1 − T 31E
⎜ ε 3 s11
c
⎝

⎞
d ∆L
⎟ E3 + E31
⎟
s11c Lo
⎠

Convert field to voltage

⎛
ha
d2
D3 ∫ dz = ε 3T ⎜ 1 − T 31E
0
⎜ ε 3 s11
c
⎝

⎞ ha
∆L d 31
⎟ ∫0 E3dz +
⎟
Lo s11E c
⎠

∫

ha

0

dz

Limits are of the active piezoelectric material only.
This results in

⎛
d2
D3ha = ε 3T ⎜ 1 − T 31E
⎜ ε 3 s11
c
⎝

⎞
∆L d 31
ha
⎟V +
E
⎟
L
s
o
11
c
⎠

Now integrate over a single electrode

D3ha ∫

Lo

0

∫

w

0

⎛
d2
dxdy = ε 3T ⎜1 − T 31E
⎜ ε 3 s11
c
⎝

⎞ Lo w
Lo w
∆L d31
ha ∫ ∫ dxdy
⎟V ∫0 ∫0 dxdy +
E
0
0
⎟
Lo s11c
⎠

Which results in the displacement equation written as

⎛
d2
D3ha Lo w = ε 3T ⎜1 − T 31E
⎜ ε 3 s11
c
⎝

⎞
∆L d31
Lo wha
⎟ Lo wV +
⎟
Lo s11E c
⎠

Substituting the approximation for ∆L/Lo

∆L
=−
Lo

u p ∆u
⎛u ⎞
L 1+ ⎜ p ⎟
⎝ Lo ⎠

2

2
o

Results in
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⎛
d312
D3ha Lo w = ε ⎜1 − T E
⎜ ε 3 s11
c
⎝
T
3

⎞
⎟ Lo wV −
⎟
⎠

u p ∆u

d31
Lo wha
s11E c
u
⎛
⎞
L2o 1 + ⎜ p ⎟
⎝ Lo ⎠
2

Now equate wLoD3 to the total free charge attracted to the electrode when connected in series with the
lower film, divide through by ha and multiply by 2 for the two elements then:

⎛
d2
D3ha Lo w = 2ε 3T Lo w ⎜ 1 − T 31E
⎜ ε 3 s11
c
⎝

⎞
⎟V − 2
⎟
⎠

u p Lo wha

d31
∆u
2 sE
11
c
⎛u ⎞
L2o 1 + ⎜ p ⎟
⎝ Lo ⎠

−QU = −C ∆VU + Ψ∆u
Define the coefficients as

−C = 2

ε 3T Lo w ⎛
ha

d312
1
−
⎜
⎜ ε 3T s11E
c
⎝

⎞
⎟
⎟
⎠

And

Ψ = −2

upw

d31
E
⎛ u p ⎞ s11c
Lo 1 + ⎜ ⎟
⎝ Lo ⎠
2

Where

C ε 3T Lo w ⎛
d312
Co = =
⎜1 −
ha ⎜⎝ ε 3T s11E c
2

⎞
⎟
⎟
⎠
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A4 Uncertainty Analysis
A4.1 Uncertainty analysis for s and Ψ in the regular model using all terms
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A4.2 Uncertainty analysis for s and Ψ in the regular model using all terms except d31
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A4.3 Uncertainty analysis for s and Ψ in the regular model using only geometry terms
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