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ADEQUACY OF SURFACE DIFFUSION MODELS TO SIMULATE  

NONEQUILIBRIUM MASS TRANSFER IN SOILS 

Abstract 
 

by NAZMUL HASAN, 
Washington State University 

AUGUST 2008 
 
 
 

Chair:  Akram Hossain. 
 
 
             Diffusion from intraparticle pore spaces is considered to be the main reason for slow 

release of contaminants from soil.  Diffusion controlled mass transfer can be simulated by the 

homogeneous surface diffusion model (HSDM).  The objective of this paper is to present a 

simplified HSDM model (SHSDM) and a finite element HSDM model (FEHSDM) to simulate 

advective-dispersive transport through soils, coupled with intraparticle diffusion, under 

nonequilibrium conditions and compare these models with the dispersed flow, film and particle 

diffusion model (DF-FPDM) that has recently been reported in literature.  The models, by and 

large, provide convergent results and remain stable for Peclet number 5.2Pe ≤  and Courant 

number .  The SHSDM and the DF-FPDM predictions are practically the same for mass 

transfer Biot number .  However, considerable difference in the predictions of these two 

models are observed for .  The FEHSDM predictions compare well with experimental data 

for slightly hydrophobic compounds.  The SHSDM and the DF-FPDM predictions, on the other 

hand, compare well with experimental results for relatively hydrophobic compounds. 

0.1Cr ≤

5Bi ≥

1Bi ≤

 

 

 

 iv



 

 

TABLE OF CONTENTS 

 

                                                                                                                                          Page 

ACKNOWLEDGEMENTS .................................................................................................iii 

ABSTRACT .........................................................................................................................iv 

LIST OF TABLES ...............................................................................................................v 

LISTOF FIGURES.............................................................................................................. vi 

INTRODUCTION…………………………………………………………………………1 

THE MODELS…………………………………………………………………………….4 

EFFECT OF TRANSPORT PARAMETERS………………………………………….....13 

MODEL PREDICTIONS VERSUS EXPERIMENTAL RESULTS……………………..14 

CONCLUSIONS……………………………………………………………………........15 

REFERENCES…………………………………………………………………………...16 

TABLES………………………………………………………………………………….20 

FIGURES…………………………………………………………………………….......23 

NOTATIONS…………………………………………………………………………….32 

 

 

 

 

                                                         

                                                              

 v



 

 

LIST OF TABLES 

 

1. Model parameters obtained from Rahman et al. (2003)……………………………….21 

2. Model parameters obtained from Hu and Brusseau (1996) ..........................................22 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                              

 

 

 vi



 

 

LIST OF FIGURES 

 

1. Model predicted BTCs for .....................................................................................24 1Bi =

2. Model predicted BTCs for ....................................................................................25 5Bi =

3 Model predictions versus experimental breakthrough curve for 2-M-4, 6-DNP………..26 

4. Model predictions versus experimental breakthrough curve for 2-4-6, TCP…………...27 

5. Model predictions versus experimental breakthrough curve for phenanthrene………...28 

6. Model predictions versus experimental breakthrough curve for PCP………………….29 

7. Model predictions versus experimental breakthrough curve for CBENZ……………...30 

8. Model predictions versus experimental breakthrough curve for TCE………………….31 

 

 

 

 

 

 

 

 

 

 

 vii



 

INTRODUCTION 

Contaminant, especially hydrocarbons, release from soil normally occurs under nonequilibrium 

conditions and may require long time for it to be fully released (Ball and Roberts, 1991; Loehr 

and Webster, 1996; Loehr et al., 2000).  The slow release has been attributed to a rate-limiting 

diffusion mechanism (Grathwohl and Reinhard, 1993; Pignatello et al., 1993).  Diffusion from 

intraparticle pore spaces of soil particles is considered to be the main reason for this slow release 

(Niedermeier and Loehr, 2005). 

 

Diffusion models have been employed extensively to describe sorption kinetics of hydrophobic 

chemical in soil particles (Ball and Roberts, 1991; Grathwohl and Reinhard, 1993; Cornelissen, 

1998; Farell et al., 1999; Kleineidam et al., 1999; Rahman et al., 2003; Worch, 2004).  Solution 

of intraparticle diffusion equation coupled with advective-dispersive transport can be quite 

challenging. 

 

The homogeneous surface diffusion model (HSDM) has been used successfully for more than 

100 adsorption systems (Weber and Pirbazari, 1982).  Rahman et al. (2003) presented a 

nonequilibrium mass transfer model employing a simplified mathematical description of the 

HSDM.  The model was referred to as “dispersed flow, film and particle diffusion model (DF-

FPDM)”.  The model appeared to adequately predict experimentally developed adsorption 

breakthrough data for a continuous source.  Rahman et al. (2003) obtained dispersivity values 

from independent tracer tests which were then adjusted to achieve better fit of the model 

predictions with the experimental data.  Adjustments in adsorption and intraparticle mass transfer 

coefficients were made by Worch (2004) to obtain a better fit between the DF-FPDM prediction 
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and experimental results.  It is, therefore, essential that the DF-FPDM’s ability to predict 

nonequilibrium mass transfer for different conditions is further examined.      

 

Hand et al. (1984) presented analytical solutions of a simplified HSDM to predict adsorption of 

contaminants onto porous media.  These analytical solutions, however, can not be employed to 

simulate desorption and such a model is of limited utility in predicting nonequilibrium mass 

transport in soils.  As mentioned, the HSDM has been used successfully to simulate over 100 

adsorption systems.  Consequently, a number of mathematical models are available.  Thacker 

(1981) presented an excellent numerical model, based on the method of orthogonal collocation 

(MOC), to simulate sorption by fixed-bed adsorbers.  An inspection of the computer code 

presented by Thacker (1981) leads to the conclusion that the model might have suffered from 

numerical instability under certain system conditions. Similar observation was made in the 

excellent work presented by Liang (1984), which was based on a finite difference method (FDM). 

       

FDMs are commonly employed to solve advective-dispersive transport coupled with intraprticle 

diffusion (Sun and Meunier, 1991).  FDMs, however, require strict conditions for stability 

(Thibaud-Erkey et al., 1996).  Fast Fourier transform (FFT) can be used when sorption 

characteristics is linear (Chen and Hsu, 1987).  Often times, however, sorption characteristics are 

nonlinear as mentioned.  A MOC was employed by Raghavan and Ruthven (1993) to solve 

similar problems with nonlinear sorption characteristics.  The MOC, nonetheless, can fail due to 

numerical oscillations (Thibaud-Erkey et al., 1996). 

 

Finite element models (FEMs) are currently gaining popularity in simulating contaminant 
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transport.  Hossain and Yonge (1992) presented an “upwind” Galerkin FEM (UGFEM) to 

simulate advective transport of contaminants nonlinearly coupled with intraparticle diffusion 

through fixed-bed activated carbon columns.  The UGFEM was found to be stable and 

convergent for a wide range of system conditions.  Further, the model offered computational 

efficiency over the method of MOC.  The model did not, however, include the effect of 

dispersion.  Further, an “upwind” model is known to provide numerical stability at the expense 

of artificial dispersion.  FEMs without upwinding employing HSDM for simulating intraparticle 

diffusion should be developed to examine their suitability in simulating nonequilibrium mass 

transfer in soils.  This model will be referred to as the finite element HSDM (FEHSDM). 

 

Numerical experimentation with a model revealed that the dimensionless liquid-phase 

contaminant concentration in the hydrodynamic boundary layer around a particle closely follows 

that in the inter-particle pore spaces for a wide range of system conditions.  The film transfer 

resistance can, therefore, be neglected in such a case.  If film transfer resistance is neglected then 

the contaminant in the inter-particle pore spaces can be considered in equilibrium with the 

contaminant on the particle surface.  A model simulating this simplified condition may provide 

computational advantage over the other available models.  This simplified model will be referred 

to as the simplified HSDM (SHSDM). 

 

The objective of this paper is to present details of the SHSDM, the FEHSDM and compare their 

predictive ability with that of the DF-FPDM for a wide range of system conditions.  Additionally, 

the paper presents criteria for convergence and stability for the models. 
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THE MODELS 

The SHSDM 

Model Equations 

The advective-dispersive transport through inter-particle pore spaces and intra-particle diffusion 

of contaminants into the soil solids for the SHSDM can be described by the following equations. 
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In the above equations, C is the contaminant concentration in the inter-particle pore spaces 

( )3ML− , t  is the time , v is the velocity of flow through the inter-particle pore spaces ( )T ( )1LT− , 

x is the distance along the direction of the flow , D is the dispersion coefficient ( )L ( )12TL − , q is 

the concentration of the contaminant in the soil solid ( )1MM − , bρ  is the bulk density of the soils 

( )3ML− ,  is the porosity,  is the intra-particle mass transfer coefficient ε sk ( )12TL − ,  is the 

mass transfer area per unit volume 

Va

( )32 LL − , and  is the concentration of the contaminant on 

the surface of the soil solids 

Sq

( )1MM −  which is being assumed to be in equilibrium with C. 

 

Eq. (1) that describes transport through the inter-particle pore spaces can be subjected to the 

following initial and boundary conditions. 

 

0CL,x00,t =≤<=        (3) 
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( )tCC0,x0,t 0==≥        (4) 

0
x∂
C∂L,x0,t ==≥        (5) 

 

In the above equations, L is the length of the flow field under consideration and  is the 

source concentration. 

( )tC0

 

Eq. (2), on the other hand, describes transport of contaminants in the intra-particle pore spaces 

and is subjected to the following initial conditions. 

 

0qq0t S ===         (6) 

 

The liquid phase concentration of the contaminant, C, is assumed to be in equilibrium with the 

solid phase concentration  and the equilibrium relationship can be expressed by the following 

equation. 

sq

 

n
s kCq =           (7) 

 

Here k and n are constants specific to the soil and the contaminant of concern. 

 

Dimensionless Model 

Eqs. (1-2) and the associated boundary and initial conditions were converted to the following 

dimensionless forms by employing dimensionless variables introduced by Rahman et al. (2003).   
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 n
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In deriving Eq. (8), the dispersion term was not considered.  The effect of dispersion was 

incorporated by modifying  assuming that surface diffusion and longitudinal dispersion 

operate in series analogous to external mass transfer coefficient modification by Rahman et al. 

(2003). 

Sk

 

The dimensionless variables and parameters used in Eqs. (8 – 12), even though, can be found 

elsewhere (Rahman et al., 2003; Worch, 2004), are given below for reference. 
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Solution Technique 

Temporal and spatial derivatives in Eqs. (8 – 9) were discretized implicitly by backward finite 

difference schemes to obtain the following equations. 
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In Eqs. (20 – 21), tΔ  is the length of the time step and i is the node number.  Parameters 

associated with Eqs. (20 – 21) are defined below. 

        
x
t

1 Δ
Δ

=η ; t
L2 Δ

+αβ
αβ

=η                      (22 – 23) 

 

In Eq. (22 – 23), xΔ  is the node to node distance and α  is the dispersivity .  Eqs. (20 – 21) 

can be used to find contaminant concentration, in the inter-particle pore space and in the solid 

phase, by utilizing the initial and the boundary conditions. 

( )L

 

The DF-FPDM 

Model Equations 

The DF-FPDM presented by Rahman et al. (2003) can be described by Eqs. (1 – 6) of the 

SHSDM and the following equations. 

 

 ( S
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Vf CCak
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In the above equations,  is the film transfer coefficient fk ( )1LT− , and  is the concentration of 

contaminants in the boundary layer surrounding a particle 

sC

( )3-ML .  In DF-FPDM, concentration 

of the contaminant, , in the boundary layer is assumed to be in equilibrium with the solid 

phase concentration .   

sC

sq

 

Dimensionless Model 

The dimensionless DF-FPDM can be described by Eqs. (8-11, 13-19) and the following 

equations. 

 

 ( )SCC
td
qd

−γ=                    (26) 

 n
Ss Cq =                     (27) 

 

The dimensionless parameter  is defined below and the rest of the dimensionless parameters 

are the same as those in the SHSDM. 

γ
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0Vf

q
Cak

ρ
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=γ          (28) 

 

Solution Technique 

Eqs. (8-9, 26) were implicitly discretized by employing backward finite difference scheme to 

obtain the following equations for linear adsorption.  
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The dimensionless parameters utilized in the preceding equations are defined below. 
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Eqs. (29 – 31) can be used to find contaminant concentration in the inter-particle pore space, in 

the boundary layer, and in the solid phase by utilizing associated initial and the boundary 

conditions. 
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The FEHSDM 

Model Equations 

If soil particles are assumed spherical and homogeneous surface diffusion of contaminants is 

considered for intra-particle transport, the following equations describe the FEHSDM. 
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In the above equations, R is the radius of a particle ( )L  and r is the radial distance from the 

center of a particle .  ( )L

 

Eq. (40) describes transport through the inter-particle pore spaces and can be subjected to the 

initial and boundary conditions in Eqs. (3 – 5).  Eq. (41) describes transport of contaminants in 

the intra-particle pore spaces.  It can be subjected to the following initial and boundary 

conditions: 

 

0q,Rr00t =<≤=                   (42) 

      0
r∂
q∂0,r0,t ==≥         (43) 

( sfbs CCk )
r∂
q∂ρDR,r0,t −==≥       (44) 

Contaminant concentration, , in the boundary layer is assumed to be in equilibrium with the sC
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solid phase concentration  and can be described by Eq. (25). sq

 

Dimensionless Equations 

The model equations were converted to their respective dimensionless forms by introducing 

dimensionless variables to minimize computational difficulty inherent to the numerical solution 

of the coupled advective-dispersive transport equation and the intra-particle diffusion equation.  

Dimensionless forms of Eqs. (40 – 41) and associated initial and boundary conditions are 

presented below. 
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The dimensionless variables, not defined in the preceding sections, are presented below.  
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Solution Technique 

The dimensionless equations were discretized by employing piecewise linear basis functions and 

the Crank-Nicolson Galerkin minimization principle to obtain a set of ordinary equations (ODEs) 

in time.  The ODEs in time were then further discretized by employing the backward difference 

formula to obtain a set of linear algebraic systems (LAS).  The LAS was then solved at each time 

step by utilizing associated boundary and initial conditions. 

 

CONVEREGENCE AND STABILITY 

The SHSDM and the DF-FPDM, in general, provide convergent results for Peclet number 

5.2
D

xvPe ≤
Δ

=   and Courant number 0.1
x
tvCr ≤

Δ
Δ

= .  Numerical stability is not a concern here 

because explicit algebraic expressions have been developed for the solutions of these two models.  

The FEHSDM provides convergent results for 5.2Pe ≤  and 0.1Cr ≈ , and was determined to be 

stable by the von Neumann method for this condition.  However, finer temporal and spatial 

discretizations may be needed for certain conditions to avoid oscillation in the solution of the 

advective-dispersive transport equation (Eq. 45).  Oscillation may result in negative liquid phase 
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concentration resulting in the breakdown of the algorithm.   

 

EFFECT OF MICROTRANSPORT PARAMETERS  

The microtransport parameters are the film transfer coefficient  and the diffusion coefficient 

.  Effect of microtransport parameters on mass transport can be evaluated by computing the 

mass transfer Biot number, Bi, as defined below. 

fk

SD

 

 ( )
eSb

0f

qD
C1RkBi

ρ
ε−

=                          (62) 

 

A Bi of greater than 30 implies that surface diffusion controls and a Bi of less than 0.50 is an 

indication of film transfer limited transport (Weber and Digiano, 1995). 

 

Numerical experiments have shown that the SHSDM predictions differ significantly from those 

of the DF-FPDM for .  Fig. 1 presents the model predictions for .  An examination 

of Fig. 1 reveals a significant difference between the SHSDM and the DF-FPDM predicted 

breakthrough curves (BTCs).  The difference gets more significant as Bi becomes smaller than 1.  

However, these two predictions virtually become the same for .  Model predictions for 

 is presented in Fig. 2 for reference.  The FEHSDM predictions were always found to 

differ from the other two models. 

1Bi ≤ 1Bi =

5Bi ≥

5Bi =

   

 

 

13



 

MODEL PREDICTIONS VERSUS EXPERIMENTAL RESULTS 

Adsorption 

Experimental BTCs, for adsorption in soil columns, were obtained from literature (Rahman et al., 

2003) for 2-methyl-4,6-dinitrophenol (2-M-4,6-DNP), 2,4,6-trichlorophenol (2,4,6-TCP), 

phenanthrene, and pentachlorophenol (PCP) to utilize in evaluating the relative accuracy of the 

models.  The model parameters were also obtained from Rahman et al. (2003) and are presented 

in Table 1.   

 

Comparisons of model predictions and experimental results for 2-M-4,6-DNP and 2,4,6-TCP are 

presented in Figs. 3 and 4, respectively.  These two compounds are only slightly hydrophobic as 

evidenced from isotherm constant k presented in Table 1.  The FEHSDM better predicts the 

breakthrough times and the first halves of the rising portions of the BTCs in both cases.  

Furthermore, the FEHSDM, in general, can be considered in better agreement with the 

experimental results than the DF-FPDM and the SHSDM. 

 

Biot number for 2-M-4,6-DNP was computed to be 1435.  It was 1136 for 2,4,6-TCP.  Therefore, 

overall mass transfer is diffusion limited for both the contaminants.  The SHSDM assumes a 

diffusion limited mass transport.  Therefore, the SHSDM prediction should have been very 

similar to that of the FEHSDM.  The lack of similarity can be explained by the fact that the 

SHSDM equations are different than those of the FEHSDM.  Further, the SHSDM predictions 

are very similar to those by the DF-FPDM in both cases which is expected for  as 

explained in the preceding section. 

5Bi ≥
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Model predictions and experimental BTCs for phenanthrene and PCP are presented in Figs. 5 

and 6, respectively.  These two compounds are significantly hydrophobic as evidenced from their 

isotherm constant k contained in Table 1.  A Bi of 3958 was computed for phenanthrene and a Bi 

of 5 was computed for PCP.  Consequently, the SHSDM and the DF-FPDM are virtually the 

same in Figs. 5 and 6.  Further, the SHSDM and the DF-FPDM predictions are in better 

agreement with the experimental BTCs than the FEHSDM prediction. 

          

Adsorption Followed by Desorption 

Adsorption followed by desorption is of significant practical interest.  Experimental BTCs for 

chlorobenzene (CBENZ) and trichloroethene (TCE) were obtained from literature (Hu and 

Brusseau, 1996).  Figs. 7 and 8 present comparisons of the model predictions, obtained by 

utilizing the parameters contained in Table 2, with the experimental results for CBENZ and TCE, 

respectively.  An examination of the figures reveals that SHSDM and the DF-FPDM predictions 

are virtually the same and are in better agreement with the experimental BTCs than the 

FEHSDM.  A Bi of about 8 was computed for both the compounds.  The SHSDM and the DF-

FPDM predictions are to be the same, as discussed earlier.  These two compounds are also 

relatively hydrophobic. 

  

CONCLUSIONS 

The models, in general, provide convergent results and remain stable for  and 5.2Pe ≤ 0.1Cr ≤ .  

The SHSDM and the DF-FPDM predictions are virtually the same for .  Significant 

difference in the predictions of these two models are observed for 

5Bi ≥

1Bi ≤ .  The FEHSDM 

predictions are always somewhat different than those by the SHSDM and the DF-FPDM.  The 
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FEHSDM predictions are in better agreement with the experimental BTCs for slightly 

hydrophobic compounds.  The SHSDM and the DF-FPDM predictions are in better agreement 

with the experimental results for relatively hydrophobic compounds. 
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Table 1: Model parameters obtained from Rahman et al. (2003). 

 

 

 

 

 

 

 

 

 

 

 

 

 

1D was computed by utilizing dispersivity obtained through tracer tests by Rahman et al. (2003). 

Parameters 2-M-4,6-DNP 2,4,6-TCP Phenanthrene PCP 

( )-1s cmv  6.66 ×10-3 6.66 ×10-3 10.61 ×10-3 6.66×10-3 

( ) cmL  50 50 9 50 

( )-121 s cmD   1.332×10-3 1.332×10-3 2.12 ×10-3 1.332×10-3 

ε  0.37 0.37 0.32 0.37 

( )3
b cm gmρ −  1.68 1.68 1.79 1.68 

( ) cmr  0.04 0.04 0.006 0.04 

( ) gm mlk -1  0.008 0.022 11.6 0.60 

n  1 1 1 1 

( ) L mgC -1
0   0.10 0.10 0.10 0.10 

( ) s cmk -1
f   1.47 × 10-3 1.6 × 10-3 8.22 × 10-3 1.6 × 10-3 

( )-12
s s cmD   1.92 × 10-6 9.6 × 10-7 4.08 × 10-10 8.53 × 10-8 

( ) s ak -1
vf   0.11 0.12 4.11 0.12 

( ) s ak -1
vs   0.018 0.009 0.00017 0.0008 
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Table 2: Model parameters obtained from Hu and Brusseau (1996). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Parameters TCE CBENZ 

( )-1s cmv  4.94 ×10-3 4.58 ×10-3 

( ) cmL  7 7 

( )-12 s cmD  9.95 ×10-4 9.25 ×10-4 

ε  0.37 0.37 

( )3
b cm gmρ −  1.65 1.65 

( ) cmr  0.05 0.05 

( ) gm mlk -1  0.85 1.39 

n  1 1 

( ) L mgC -1
0   30 100 

( ) s cmk -11
f   6.66 ×10-4 6.84 ×10-4 

( )-121
s s cmD   1.75 ×10-6 1.16 ×10-6 

( ) s ak -1
vf   0.04 0.041 

( ) s ak -1
vs   0.011 0.007 

1  and  were computed by using empirical correlations obtained from literature (Worch, 

2004).   

fk SD
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Fig. 1: Model predicted BTCs for 1Bi = . 
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   Fig. 2: Model predicted BTCs for 5Bi = . 
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Fig. 3: Model predictions versus experimental breakthrough curve for 2-M-4,6-DNP obtained from 

Rahman et al. (2003). 
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Fig. 4: Model predictions versus experimental breakthrough curve for 2-4-6,TCP obtained from 

Rahman et al. (2003). 
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Fig. 5: Model predictions versus experimental breakthrough curve for phenanthrene obtained from 

Rahman et al. (2003). 
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Fig. 6: Model predictions versus experimental breakthrough curve for PCP obtained from Rahman et 

al. (2003). 
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Fig. 7: Model predictions versus experimental breakthrough curve for CBENZ obtained from Hu 

and Brusseau (1996).
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Fig. 8: Model predictions versus experimental breakthrough curve for TCE obtained from Hu and 

Brusseau (1996). 
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NOTATIONS 

 

C = contaminant concentration in the inter-particle pore spaces ( )3ML−  

sC = concentration of contaminants in the boundary layer surrounding a particle ( )3-ML  

 q = concentration of the contaminant in the soil solid ( )1MM −  

Sq  = concentration of the contaminant on the surface of the soil solids ( )1MM −   

 t = time  ( )T

 v = velocity of flow through the inter-particle pore spaces ( )1LT−  

 x = distance along the direction of the flow   ( )L

 R = radius of a particle  ( )L

 r = radial distance from the center of a particle ( )L  

 = bulk density of the soilsbρ ( )3ML−  

 ε  = porosity  

 α  = dispersivity ( ) L

  D = dispersion coefficient ( )12TL −  

  = intra-particle mass transfer coefficientsk ( )12TL −   

 = mass transfer area per unit volumeVa ( )32 LL −   

  = film transfer coefficientfk ( )1LT−  
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